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Conditionally Heteroskedastic Factor Models:
Identification and Instrumental Variables Estimation

Catherine DozT, Eric Renault’

Résumé / Abstract

Cet article propose un cadre semi-paramétrique adapté a la modélisation de I'hétéroscédasticité
conditionnelle multivariée. Nous montrons d'abord qu'un mode¢le factoriel a volatilité stochastique ne
peut pas étre identifi¢ seulement a partir de la structure de variance conditionnelle des rendements,
sauf si I'on impose des restrictions importantes au support de la loi de probabilité des facteurs latents.
Nous proposons ensuite des restrictions alternatives permettant d'identifier le modeéle de volatilité
multivariée. Ces restrictions portent soit sur les moments d'ordre supérieur, soit sur une spécification
de la prime de risque fondée sur un prix constant du risque des facteurs. Dans les deux cas,
l'identification du modele est obtenue a partir de restrictions sur les moments conditionnels, ce qui
permet l'estimation par variables instrumentales. Une étape préliminaire de détermination du nombre
de facteurs et d'identification de portefeuilles représentatifs est proposée. Elle est fondée sur une
séquence de tests de sur-identification qui englobe les tests de caractéristiques communes d'Engle et
Kozicki (1993).

Mots clés : évaluation d'actifs financiers, volatilité stochastique, modéles
conditionnels a facteurs, hétéroscédasticité conditionnelle multivariée,
caractéristiques communes, restrictions de moments conditionnels avec retards,
Méthode des Moments Généralisés.

This paper provides a semiparametric framework for modelling multivariate conditional
heteroskedasticity. First, we show that stochastic volatility factor models with possibly cross-
correlated disturbances cannot be identified from returns conditional variance structure only, except
when strong restrictions on the support of the probability distribution of latent factors volatility are
maintained. Second, we provide an alternative way to maintain identifying restrictions through either
higher order moments or through a specification of risk premiums based on constant prices of factor
risks. In both cases, identification is obtained with conditional moment restrictions which pave the way
for instrumental variables estimation and inference. A preliminary step of determination of the number
of factors and identification of mimicking portfolios is proposed through a sequence of GMM
overidentification tests which encompass Engle and Kozicki (1993) tests for common features.

Keywords: asset pricing, stochastic volatility, conditional factor models,
multivariate conditional heteroskedasticity, common features, multiperiod
conditional moment restrictions, Generalized Method of Moments.
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1 Introduction

Estimation of large multivariate conditionally heteroskedastic models is notoriously challenging,
requiring strong assumptions to make such estimation feasible. While several hundred parameters
can be necessary to capture joint GARCH kind of dynamics of ten asset returns, more structure
is needed to get a parsimonious characterization of the joint conditional covariance matrix.

Among the possible structures, the common factors model is quite popular for at least two
reasons. First, as emphasized by Diebold and Nerlove (1989) and King, Sentana and Wadhwani
(1994), they are well-suited to capture commonality in the conditional variance movements of the
returns (regardless of correlation), as all asset prices react to the arrival of new information. In
other words, common factors may represent news which are common among all asset prices. A
second advantage of factor models is that they automatically guarantee a positive semidefinite
conditional covariance matrix for returns, once we ensure that the conditional covariance matrix
of the factors is itself positive semidefinite. A maintained assumption in this paper is that the
common factors represent conditionally orthogonal influences, which implies that the factors con-
ditional covariance matrix is diagonal (see Sentana (1998) for more general factor models, which
are called oblique).

To summarize, we consider in the whole paper a vector y;+1 of n asset returns, observed at

time ¢ + 1, which can be decomposed as :

Y1 = p+ Afigr + upn (1.1)

where f;+1 is a K x 1 vector of unobserved common factors, A is the n x K matrix of associ-
ated factor loadings and w41 is a n X 1 vector of idiosyncratic terms. This decomposition will
help to characterize the conditional covariance matrix of returns 3; = Var (yi+1|J¢) given some
information set J; that contains the past values: y,,7 <t and f,.,7 <t.

The characterization of 3; from (1.1) rests upon three basic assumptions. First, as already
mentionned, we assume that Dy = Var (fi41|J;) is a diagonal matrix. Second, factor loadings

are interpreted as conditional betas coefficients of returns on factors, that is :

Cov (ft+1,ut+1 |Jt) =0.

Third, some identifying assumptions must be maintained about the residual covariance matrix

Q; = Var (ug41 |J¢) in order to keep the interpretation of residual shocks wu;y; as idiosyncratic



ones. Based on those assumptions, the covariance factor structure which is the focus of interest

of this paper will be characterized as:
Et = ADtA, + Qt (12)

In such a dynamic framework, the concept of idiosyncracy may actually be understood in two
different ways. First, extending to a dynamic setting the Ross’s (1976) initial intuition, we may
adopt a conditional factor analysis approach by assuming that idiosyncratic shocks are condition-
aly orthogonal, that is €); is a diagonal matrix. Then parsimony is reached by the fact that only
(n + K) independent univariate conditionally heteroskedastic processes have to be specified: the
K common factors processes and the n idiosyncratic shocks. This is the approach which has been
followed by both Diebold and Nerlove (1989) and King, Sentana and Waddhwani (1994), even
though the former assume in addition that €2, is a constant matrix. Irrespective of the assumption
about the dynamics of €2;, the maintained assumption of diagonality allows one to resort at least
to identification tools of conventional factor analysis estimation.

However, diagonality of €); may be thought as a too restrictive assumption, particularly be-
cause it is not preserved by portfolio formation. This is the reason why Chamberlain and Rotschild
(1983) introduced the concept of approximate factor structures, in which the idiosyncratic terms
may be correlated, but only up to a certain degree. Since a versatile dynamic extension of
the concept of approximate factor structure is still not much developped in the conditional het-
eroskedasticity literature (see however Sentana (2004)), we focus here on another concept of
idiosyncracy, defined in line with common features which have been introduced by Engle and
Kozicki (1993). More precisely, we assume that the residual covariance matrix €2 is a possibly

nondiagonal constant positive definite matrix 2:
¥ = ADAN +Q (1.3)

The maintained assumption of the factor structure (1.3) is akin to see the K common factors
as the K sources of conditional heteroskedasticity which should explain the commonality in the
conditional variance movements of the returns. By contrast, the common features, defined from
the (n — K)-dimensional orthogonal space of the range of A, characterize the vectorial space of
conditionally homoskedastic portfolio returns.

Moreover, it is worth emphasizing that almost all the identification and estimation strategies

put forward in this paper could be easily extended to a more general context with a time-varying



matrix €2, insofar as only the diagonal coefficients would be allowed to be time-varying. In other
words, one could add to the idiosyncratic shocks us4+1 of our model (1.1)/(1.3) some orthogonal
idiosyncratic shocks v.y1 with a conditional covariance matrix conformable to King, Sentana and
Wadhwani (1994) conditional factor analysis model.

For sake of clarity, we prefer to focus here on the main contribution of this paper, that is
instrumental variables (IV) identification and estimation of conditionally heteroskedastic factor
models defined through the concept of common features, that is the mere fact that conditional
heteroskedasticity is a priorilimited to a restricted number of directions. This is a non-trivial issue
for the following reason. While the search for common features may allow to identify the range
of the matrix A of factor loadings, it does not protect against the following lack of identification.

Roughly speaking, even when common factors are normalized by the maintained assumption:
E}l)tL = VaT(ft+1) = IdK (14)

where Idg is the identity matrix of size K, it is always possible to transfer somme constant vari-
ance from factors to idiosyncratic terms through a convenient rescaling of the factor loadings. This
degree of indetermination is clearly not innocuous for asset pricing and dynamic risk management
as well. It turns out that this difficult identification issue has been overlooked in the literature
until now since it may be solved by chance thanks to additional parametric assumptions. For
instance, the maintained assumption of joint conditional normality of the idiosyncratic shocks al-
lows Harvey, Ruiz and Shephard (1994) to propose QML consistent estimation of a model similar
to (1.3) while, with GARCH factors, Fiorentini, Sentana and Shephard (2003) are even able to
propose a likelihood-based estimation procedure.

We argue however that identification of the factor structure (1.3) with as little as possible
additional assumptions is important for financial econometrics. Typically, both asset pricing and
risk management issues are tightly related to two different features of asset returns’ conditional
probability distribution : conditional heteroskedasticity on the one hand, conditional tail be-
haviour on the other hand. It is then fairly important to be able to disentangle these two issues,
that is to propose inference procedures about conditional variance dynamics whose validity is not
contingent to some joint assumptions about the tail behaviour. This is typically the spirit IV
procedures proposed here. We want to identify separately both common factors conditional het-
eroskedasticity dynamics and idiosyncratic variance by using, as far as possible, only observable

conditional moment restrictions about the first two joint moments of asset returns.



Our main results are the following. First, we show that the required identification is much
easier to meet when the common factors risk is priced, and a parametric model of price of factors
risk is available. The general intuition is that the resulting risk premiums that show up in
expected returns make the conditional variances of latent factors almost observable. To see this,

let us consider a linear model of factor risk premiums :

E (ft+1 \Jt> = 7dy

where the K x 1 vector d; stackles together the diagonal coefficients of the matrix D;. Then the

regression model (1.1) provides now two sets of conditional moment restrictions :

E (Y41 1Ji) = p+ A7dy
Var (yt+1 |Jt) = ADtA, +Q

Considering these two sets of moment restrictions jointly will protect us against the aforemen-
tioned possibilities of variance transfer between D; and ).

Full identification of the matrix A of factor loadings and also of the idiosyncratic covariance
matrix €2, is much more involved when one cannot take advantage of a non-zero price 7 of factor
risks. The solution put forward in this paper rests upon an additional model of joint conditional
kurtosis of returns. Even though we consider as a pity to resort to such higher order moments joint
assumptions, it is much less restrictive than usual parametric assumptions about the asset returns’
joint probability distribution. Moreover, our chosen specification nests the most usual models for
volatility factors, like strong GARCH (Diebold and Nerlove (1989)), affine diffusion stochastic
volatility factors (Heston (1993), Duffie, Pan and Singleton (2000), Meddahi and Renault (2004)
or Ornstein-Uhlenbeck like Levy volatility processes (Barndorff-Nielsen and Shephard (2001)).

In this paper, we assume that probability distributions of both common factors and distur-
bances are conditionally symmetric, which facilitates the characterization of conditional kurtosis of
returns. Extensions which accomodate skewness or leverage effect are considered in a companion
paper (Dovonon, Doz and Renault (2004)).

The paper is organized as follows. We first discuss (section 2) the general identification issue
of the factor loadings and the idiosyncratic covariance matrix in the general setting (1.3). We put
forward the aforementionned possible transfer in variance and characterize its effect on identifi-
cation. A byproduct of this is that, concerning the volatility dynamics of common factors, only
the volatility persistence parameters of stochastic volatility (SV) factors can be identified, while

more specific factor structures like GARCH are not testable. Instrumental variables estimation



and identification with zero factor risk premiums is presented in section 3 while the issue of linear
beta models of risk premium is addressed in section 4. In both cases, a sequential procedure is
proposed to identify the number K of factors as well as K mimicking portfolios in a preliminary
inference step. Section 5 concludes and proposes some possible extensions. The main proofs are

gathered in the appendix.

2 Model identification:

2.1 Identification of the factor loadings:

In this section, we address the identification issue of a factor model for conditional variance:
Yi=AD N +Q (2.1)

where 3; is the conditional covariance matrix of a vector 311 of n observed random variables:
Y =Var (ypg1|Je) (2.2)

and J; is a nondecreasing filtration which defines the relevant conditioning information. In par-
ticular, y; is J; adapted.
Of course, when writing the factor model (2.1), one has in mind a conditional regression of

yr+1 on some factors fy11, given the information Jy:

Yerr = p1(Jr) + Afirr + urp

E (up41|Ji) =0

E(fe41]Je) =0 (2.3)
Cov (w41, fry1 |Je) =0

Var (fiy1]Ji) = Dy

With the additional assumption that the conditional idiosyncratic variance is constant:
Var (w1 |Ji) = Q (2.4)

the conditional regression model (2.3) implies (2.1)!.

Two necessary identification conditions of the factor loadings A in (2.1) are well known:

'The decomposition (2.1) is actually equivalent to the regression model (2.3)/(2.4)with a possibly singular

residual covariance matrix Q (see Gourieroux, Monfort and Renault (1991))



- First, A must be a matrix of full column rank, say of rank K. If it was not the case, because
for instance the K™ column would be a linear combination of the first (K — 1) columns,
then the factorial representation (2.1) could be rewritten by using only as factor loadings

the first (K — 1) columns of A.

- Second, the matrix D; must be normalized, for instance by assuming that:
ED, = Idgk (2.5)
identity matrix of size K.

A less well-known necessary identification condition, already pointed out 2 by Fiorentini and

Sentana (2001) is the following:

Proposition 2.1 If some diagonal coefficient a,%t of Dy is positively lower bounded:

ot > 01 >0 as. (2.6)
then the decomposition
Y=AD; N+Q (2.7)
can also be written:
Yy=AD AN+0Q (2.8)
with
A#AANQ£Q,Q0> Q. (2.9)

The interpretation of this result is clear: if the conditional variance ait of a factor is positively
lower bounded, it is always possible to transfer a constant part of it into the residual variance
matrix 3. Therefore, the two contributions cannot be separately identified.

The following proposition confirms this interpretation. We consider without loss of generality
observable variables y;4+1 and latent factors f;11 of zero conditional expectation given J; and we

focus, for sake of notational simplicity, on the case of a single factor model.

2The identification results presented in this section are tightly related, although not equivalent or redundant,

with some of Fiorentini and Sentana (2001). In order to be self-contained, we provide some autonomous proofs.
30f course, such a transfer would be precluded if we assume that the residual covariance matrix € is diagonal.

This is another way to get identifiability of SV factor models, see e.g. Fiorentini and Sentana (2001).



Proposition 2.2 If there is one factor fiy1 such that:

Yt+1 = A1 + Ut (2.10)

Cov (ugy1, fer1|Je) =0
Var (ugy1 |Jy) = Q positive definite (2.11)
E(Var(for |) = 1

and

Uf =Var (fiy1|t) > >0 as. (2.12)

then there is another factor ft+1 such that

Yer1 = M1 + G (2.13)
Cov (at—i-la.ft-&-l |Jt> =0
Var (g1 |J;) = Q> Q (2.14)
E (Var (fm |Jt)) =1
with

52 = Var (fm th) = —— (o} oY) (2.15)
A= (1-0®)X and Q= Q+ 22N

Another necessary condition for identification of decomposition (2.1) is of course the pres-
ence of conditional heteroskedasticity in each factor fy;,k = 1,---, K, that is the maintained
assumption that the K diagonal coefficients Uzt of D; are non degenerate random variables. This

assumption is actually sufficient to identify the number K of factors:

Proposition 2.3 If A D; ' +Q = LA L + W with:

A (n x K) matriz of rank K
L (n x J) matriz of rank J
EDy = 1di, EAy = Idy

and if Dy and Ay are diagonal matrices whose diagonal coefficients are non degenerate random

variables, then: K = J and the ranges of matrices A and L coincide.

10



Proposition 2.3 leads us to define a K SV factors model by the following conditions:

3 = ADA +Q,
A (n x K) matrix of rank K,
Q(n x n) positive definite matrix,
(2.16)
Dy = Diag(d:)

where d; = (ait) is a vector of K positive random variables,

1<k<K

of expectation unity and such that Var(d;) is a nonsingular matrix

Note that (2.16) strengthens the assumptions of Proposition 2.3 by considering not only that
the K random variables J,%t, k=1, ---, K are not degenerate but also that no linear combination
of them is degenerate. This stronger assumption is actually needed to be sure to identify the K
columns of the matrix A of factor loadings up to permutations and multiplication by arbitrary

scalar numbers:
Proposition 2.4 If ¥; admits two factor decompositions:
Ye=AD, N +Q=LAL +W
which are both conformable to (2.16), then:
L =AAQ
for some diagonal matriz A and some permutation matriz Q.

Notice that postmultiplication of the matrix A of factor loadings by a diagonal matrix is
akin to rescale each column of A according to the intuition put forward by proposition 2.2. The
necessary identification condition of Proposition 2.1 is actually sufficient too:

Proposition 2.5 If ¥; admits two factor decompositions:
Et:A Dt A/ +Q:LAtL/+W
which are both conformable to (2.16) with:
Dy = diag (U%m"' 70'%(t)

Ay = diag(&%tf"v&%(t)

11



and fork=1,--- K :
Pr (0,%,5 > 0'2) <1 and Pr (6,% > 02) <1,
for any positive number o, then:
Q=W and L = AAQ

for some permutation matrixz Q and some diagonal matriz A the diagonal coefficients of which

are all (+1) or (-1).

Then, we do get identification of factor loadings up to sign and permutation of the factors

insofar as we “minimize” the conditional variance of each factor fi; by considering that
o3, > 0% as. = g2 =0. (2.17)

According to Engle (2002) general discussion of non-negative processes, condition (2.17) means
that there is a positive probability that the conditional factor variance is equal to zero, or arbi-
trarily close to zero.

Of course, as already mentioned, one can avoid identification condition (2.17) by either impos-
ing more structure on the residual covariance matrix €2 or by maintaining additional assumptions
about higher order moments. While the first route will not be considered in this paper, the sec-
ond one will be followed in the third part of section 3. We first discuss in subsection 2.2 below
the implications of condition (2.17) in terms of model specification for the conditional variance

processes of the K factors.

2.2 GARCH or SV Factors ?

For sake of notational simplicity, we only consider in this section the case of a one factor model.
But everything can easily be extended to the K factors case.

The GARCH factor model, as first introduced by Diebold and Nerlove (1989), specifies the
latent factor f; as a GARCH (1,1):

o} = (1=7) +aff +(y=a)of , o9
O<a<y<l1

Note that the intercept (1 — ) has been chosen to fulfill the restriction Fo? = 1. However,

an obvious implication of the GARCH specification is that the identification condition (2.17) is

12



not fulfilled. We have identically:

1—
2> ——) 5250 (2.19)

-7+«
Therefore, a number of latent volatility factors ﬁ are observationally equivalent to the GARCH
factor f;. For instance, a volatility factor f; associated to a conditional variance process 52 defined,

according to proposition 2.2, by:

2 2
- O — 0

cannot be in general GARCH (1,1) since the lower bound of 7, when equal to zero, cannot be
conformable to a condition like (2.18). In other words, GARCH (1,1) structures of volatility
factors cannot be fully identified from the only observation of returns volatility dynamics. The
only dynamic features of factors that can be identified in this context are the ones which are
invariant with respect to transformations like (2.20). This leads us to focus on the autoregressive

dynamics of the conditional variance process o7 obviously implied by the GARCH structure:*
Eo}|orT<t] =1—7+707, (2.21)

Following Andersen (1994) and Meddahi and Renault (2004), we define more generally:

Definition 2.6 A scalar process { fi,t € Z} is SR-SARV (1) (Square Root Stochastic Autoregres-

siwe Volatility of order 1) with respect to a filtration Jy if:

Elfi1lJi] =0 E[ft2+1|<]t]:0t2
E[UfH]Jt} :1—7—1—703
0<y <1

Section 3 will confirm that the persistence parameter « is identifiable from the return volatility
dynamics. Of course, this does not preclude to maintain a factor GARCH (1,1) assumption and
to try to separately identify the GARCH parameters o and (v — «) within this framework. The
following result shows that this is actually possible, at least when maintaining some additional

assumptions about higher order moments:

4While we focus in this paper on GARCH (1,1) factors and associated AR(1) volatility dynamics, most of the

results could easily be extended to higher orders.

13



Proposition 2.7 If y,11 is described by two different one-factor GARCH (1,1) models:

( ~ o~
Ypr1 = M1 + w1 = A1 + U

Cov (fe1,ut41 |Jr) = Cov <ft+1,ﬁt+1 ‘Jt) =0
Var (fis1 i) = of, Var (ftﬂ ]Jt> = G2
Var (ups1 |Jy) = Q, Var (@i |Jy) = Q

where fi11 and ft+1 are both GARCH (1,1) processes with constant conditional kurtosis,
then: o? = G2.

If in addition, the two conditional kurtosis coefficients coincide, then: f152+1 = ft2+1.

Note that the assumption of constant conditional kurtosis is implied by the strong GARCH
property as defined by Drost and Nijman (1993), that is by the i.i.d. property of standardized
innovations f;41/0¢. When the conditional probability distribution of f;1+1/0; is given, for in-
stance when it is supposed to be gaussian, the factor f;;; is identified up to a sign. Since such
assumptions are generally maintained for any kind of parametric inference about GARCH or SV
type models, the identification issue about latent GARCH factors has been overlooked in the
literature. An alternative identifying assumption within the latent GARCH(1,1) framework is to
maintain the ARCH(1) specification, that is o = v in (2.18) (see eg. Dellaportas, Giakoumatos
and Politis(1999) and Diebold and Nerlove (1989)). For given +, this value of « is actually the
one which minimizes the lower bound of variance o2 in (2.19).

Since the focus of interest of this paper is statistical identification and inference about joint
volatility dynamics of a vector of returns with as little as possible additional assumptions about
higher order moments, we focus on general latent SV factors rather than on latent GARCH factors.
Moreover, the convenient identification result of proposition 2.7 is not specific to GARCH factors.
We will actually be able to show in section 3 that the maintained assumption of fixed conditional
kurtosis is sufficient to hedge against the identification problem of section 2 in a general framework

of SR-SARV(1) factors with quadratic variance of the conditional variance.

14



3 Model with constant risk premiums: identification and IV es-

timation

We consider in this section a vector ;1 of n asset returns with constant conditional expectation
i = E (y1+1]J¢). Then, the factor structure must be identified only from information about the
conditional covariance matrix and possibly higher order conditional moments. We first discuss a
statistical procedure of determination of the number K of factors. A byproduct of this procedure
is the identification of a subset of K asset returns the conditional heteroskedasticity of which does
involve the K factors.

Then, we are able, from the semiparametric model of the conditional variance matrix with K
SR-SARV(1) factors, to perform efficient IV estimation of the K coefficients of volatility persis-
tence, the range of the matrix A of factor loadings and the residual covariance matrix € up to
w degrees of freedom.

These degrees of freedom correspond to the possible transfer of constant variance from some
linear combinations of factors to the idiosyncratic terms. To get rid of them, we propose to add
higher order conditional moment restrictions that are tightly related to a conditional multivariate
kurtosis model for the vector of returns. Then, we are able to fully identify the matrices A and 2

and to perform IV estimation of their coefficients.

3.1 Determination of the number K of factors

According to the general definitions of section 2, we consider that the conditional heteroskedas-
ticity of the vector y; 41 of asset returns is characterized by a K SV factor model if there exist K

positive stochastic processes Uzt, k=1,---, K, such that:

E (Y1) = p

E(of 1 lJe) = Q=)+ oy 0<m <1

and

Var (ye1 [Jr) = ADA + Q )
with

A (n x K) matrix of rank K,

Q (n x n) positive definite matrix,

and Dy = Diag (03, ,0%,)

15



Statistical inference about model (3.1) must be based on some information set I; available at
time t to the econometrician. Typically, I; is a sub g-algebra of J; containing at least the past

and current observations of returns:
olyr,m<t]C I CJy.

In this section and in all the rest of the paper as well, the symbols E;, V;, Cov; respectively
denote conditional expectation, variance and covariance “given available information at time ¢”.
These notations do no longer make explicit the distinction between the theoretical information
set J; and the econometrician information set I; C J;.

Actually, this distinction may be omitted insofar as the moment conditions considered for
inference are about conditional moments of future values of the process y; which is I; - adapted.

From proposition 2.3, the number K of factors in model (3.1) is well identified. Its statis-
tical determination will be performed through a sequential testing procedure. The sequences of
hypotheses are defined for £k =0,1,--- ;n — 1 by:

Hyj: The number of factors is k and

Hj.: The number of factors is larger or equal to k.

We want to test Ho against Hy1 1 = Hy — Hor and we consider the following sequences of
tests:

(i) Test of Hyp, that is test of joint conditional homoskedasticity of the vector y; 41 of asset
returns. Of course, if Hyg is accepted, there is no need to look for any factor.

(ii) Otherwise, Hy; is tested against Ho. If Hy; is accepted, the procedure stops and we accept
the hypothesis: y;41 is governed by a one-factor model. If Hy; is rejected, we test Hgo against
Hj, and so on.

The first step is standard. It should be based on the n(";l) conditional moment restrictions

vech [Et (yt+1y£+1 - C)] =0

where C' is an unknown positive symmetric matrix.

A simpler and more natural procedure would be to consider only the diagonal restrictions:
2 .
Ly (yit+1 —Cm;) =0,i=1,---,n.

Note however that, by contrast with more common univariate tests of homoskedasticity, it is

important to check the orthogonality of (yzzt i1 wii) not only with lagged squared values yi?T, T<t
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of return ¢ but also with lagged squared values yJQ-T, T < t,j # i, of other returns and possibly
lagged cross products y;ry;r, 7 < t.

The test of Hyy against Hyq for £ > 1 must be performed by taking into account that Hoi_1
has been rejected in the previous step. In other words, we know that the number of factors is
larger than (k — 1) (hypothesis Hy) and we wonder whether it is exactly k& (hypothesis Hog).
In this case, K = k and it is possible to select k rows of the matrix A of factor loadings such
that the corresponding submatrix A of A is a square non singular matrix of size k. In terms of
decomposition of the vector of returns y;y1, this property can be characterized in the following

way :

Proposition 3.1 Under the hypothesis Hy, that the number K of factors is greater or equal to k,
if gr+1 denotes k selected components of the vector yi+1 and yry1 denotes the (n — k) remaining
components, the following conditions are equivalent :

i) the matriz A of factor loadings associated to 911 is a squared non singular matriz of size
k=K

i1) there exists a matrix B such that Y1 — BYiy1 s conditionally homoskedastic.

Moreover, when these conditions are fulfilled, B is mecessarily the matriz /:X]X_l, where A

denotes the matriz of factor loadings associated to the subvector yiy1 of returns.

This suggests to test Hox against Hpyq for k& > 1 through the overidentification test of the

conditional moment restrictions:
vech [Er [(Je41 — BYrs1) (Je41 — Byry1) = C]] =0 (3.2)

for unknown matrices B and C.
However, (3.2) does not encompass all the information provided by the factor model. To see

this, note that:

(Gt+1 — Bijes1) (41 — BUe+1)' = (Ge1 — Bijes1) Yopr — (Ge41 — Bljs1) 1 B’ (3.3)

and that under the null of £k = K factors, both terms of this difference have a constant conditional
expectation. In other words, efficient inference about Hy, must be based on the following extended

set of conditional moment restrictions:

vec [Ey (Je+1 — BYr41) Yipq — D] =0 (3.4)
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for unknown matrices B and D.

Note however that from (3.3), the lower part D of the matrix D can be seen as:

D=C+ DB

(n—K) (37K+1) free

so that, for a given B, the matrix D specification only involves K(n — K) +
parameters corresponding to the specification of, first, the upper part D of D and, second, the
symmetric matrix C of size (n — K).

To fully realize the important difference between (3.2) and (3.4) several remarks are in order.
First, by contrast with (3.2), (3.4) is linear with respect to the unknown parameters, which is of
course more convenient for computation and statistical inference. Second, nonlinearity of (3.2)
is even more detrimental than usual here since, following the terminology of Arellano, Hansen
and Sentana (1999), (3.2) is a case where identification is guaranted (by proposition 3.1) even
though there is a first-order lack of identification. To see this, note that, by (3.4), the Jacobian
matrix of (3.2) with respect to B is constant, and thus, the rank condition for joint identification
of B and C fails. As already shown by Sargan (1983), this may produce non-standard asymptotic
probability distributions for some parameter estimates. For testing for common features, Engle
and Kozicki (1993) compute an overidentification test statistic after concentrating with respect
to B, that is replacing C' by C'(B) = %Zthl (Y141 — BFis1) (Y1 — BYisr)'

The focus of interest of this section is a test of the factor structure (3.4), which is a submodel
of the common features model. We are actually able to show that the rank condition for GMM
inference about B and D is fulfilled in the case of (3.4) for a convenient choice of instrumental

variables:

Proposition 3.2 When conditions of proposition 3.1 are fulfilled, if z: is an I;—adapted real

valued stochastic process such that:
Cov(z,08,) #0 fork=1,--- | K

and if ®(B, D) denotes the vector:

1 -
®(B,D)=F ®vec (Bt (Je41 — BYrs1) yi1 — D)
Zt

then the jacobian matriz :
09(B, D)
0[(vec B)', (vec D)]
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1s of full column rank.

There is however an additional issue for using overidentification tests of conditional moment
restrictions (3.4) in order to define a sequential testing procedure of hypotheses Hox, k > 1. Since
the test of Hyg is a standard test of multivariate conditional homoskedasticity, we only have to
define the test of Hyx, kK > 1 when Hg,_1 has been rejected in the previous step. Let us first stress
that, since we consider a sequence of hypotheses in an increasing order, there is no hope to control
the overall size of the test by an argument of independence of two consecutive test statistics under
the null. This issue is common when determining the order of a time series model, like order of
an ARMA or of a GARCH process. Moreover, as shown by proposition 3.1, the identification
condition needed for GMM inference about Hgy takes crucially advantage of the fact that Hog_1
has been rejected in the previous step.

An additional difficulty here is that Hoy is actually defined as a union of hypotheses Hox(7),
each of them being characterized by standard conditional moment restrictions. Let us write :

Hop, = U Ho(9)
YESK
where S, denotes the set of all subvector ;41 of y441 of dimension k and Ho(y) is defined by the

conditional moment restrictions (3.4):

vec By [(Y141 — Byi1) yiy1 — D] =0

For a given choice of a vector z; of H I, -adapted instruments, such conditional moment restrictions

are usually tested through their unconditional consequence:

Hor(y) - E [z @ Vee [(Gr41 — Bies1) Yy — D]] =0

Let us denote by S7(¢) the Hansen J—Test statistic to test Hox(3). Since we consider that
Hyi_1 is wrong, we maintain conditions of propositions 3.1 and 3.2 for K = k and then, we know

from Hansen (1982) that the test of Ho(y) defined by:

Reject Hon(§) < St(7) > X2, [Hn(n k)= 2k(n— k) — (n—k)(n—Fk+ 1)]

2

is asymptotically of level o if X2 _ (n) denotes the (1 — ) quantile of a X%(n).

For a given choice of § in Sk, this suggests to adapt the following rule to test for Hog:

Reject Hop < Sr(j) > X2 [Hn(n K)ok gy Rk 1)]

5 (3.5)

19



Unfortunately, such a testing procedure for Hy, will intuitively suffer from severe size distor-
tions (with respect to the nominal size «) since Hp, will be rejected on the basis that we only
think that a particular hypothesis Hoi(y) is wrong. This is actually far to imply that Hoy itself
is wrong. However, nobody would like to test Hy, by rejecting it only when inequality (3.5) is
fulfilled for any choice of  in Sg. This would produce a test for Hy; much too conservative since
the probability of the intersection of two events like (3.5), for two different choices of 3, may be
as small as the square of a.

Therefore, our proposal will be to test Hgy through (3.5) 5, but for a convenient choice of .
The trick amounts to pre-select, among the possible § € S, the one which is the “most likely”
to capture conditional heteroskedasticity of the n returns, that is to fulfill Hox(y). Then, if (3.5)
is nevertheless fulfilled by such an 7, it makes sense to consider that other choices of § would a
fortiori violate Hox(y) and then that Hog should be rejected. In other words, rejection on Hog
through this strategy should not lead to an effective size much larger than «: the probability of
(3.5) under Hyy, is not much larger than «, that is the probability of (3.5) under Hyx(y), since we
do think that Hyy cannot be fulfilled without Hog(y) itself being fulfilled.

The preselection of a convenient § can be based on the fact that, when testing Hog,we had
previously rejected Hog_1, on the basis that some preselected y € Si_1 did not fulfill Hoy_1(¥)
defined through a decomposition (f/ , ﬁ )l of returns and a corresponding matrix B. It will then
be natural, after selection of 7, to build 7 by adding to 7 a well-chosen return g’j,-o, component of
the vector g‘jof (n — k + 1) remaining returns, and to choose @:im which is “the most responsible”
for the rejection of Hyg_1.

In other words, after concluding that Hg is rejected, the first one-dimensional 3 considered will
be the return y;, the conditional heteroskedasticity of which is maximum, in terms of conditional

variance coefficient of variation. Thus, we choose iy as a solution of:

Var [Vary (yius1)]  A2Varo?
max - P}
1<i<n Var (yit+1) /\i + wij

Similarly when Hgy_1 has been rejected, one will choose to add to the previous set 3 of (k — 1)

returns, a k' return the index iy of which is choosen as a solution of:

Var [VaTt (?i’tﬂ - Bf?jtﬂﬂ
max

! Var <§it+1 - B§§t+1>

®In finite samples the number of degrees of freedom in (3.5) may be too large for reliable size and power properties.

It may then be relevant to focus only on a subset of moment conditions (3.4).
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Yiot+1 1S the return the conditional heteroskedacticity of which is the least captured by the mim-
icking portfolios Bj,1.

As already announced, this sequential procedure is not fully closed in terms of controlling
statistical risk. But, as usual with model choice strategies, it must be seen as only a preliminary
exploratory analysis to perform before the comprehensive statistical strategy of subsections 3.2

and 3.3.

3.2 Estimation of spanning factor loadings

The focus of interest of this subsection is efficient IV estimation of the K factors SV-model (3.1).
In other words, the unknown parameters of interest are:

- First, the coefficients of the matrix A of factor loadings and the residual covariance matrix

- Second, the K persistence parameters v, k = 1--- K of the volatility factors.

- Third, the coefficients of the conditional mean vector p = Eyys41.

Note that since we do not give in this subsection any statistical content to the identification
assumptions of propositions 2.4 and 2.5, only the range of A is identified (see proposition 2.3).
Equivalently, since the unconditional covariance matrix ¥ = AA’+€ is of course identifiable, some
lack of identification in the residual covariance matrix {2 is implied by the lack of identification of
A, as exhibited in proposition 2.2. More precisely:

(i) A is identified up to a right multiplication by an arbitrary non singular matrix M of size
K: A and AM are observationally equivalent.

(ii) Q is identified up to an arbitrary symmetric positive definite matrix M of size K: Q =
Y — AN and Q =X — AAN’ (see A = MM') are observationally equivalent.

Therefore, we are able to identify in particular the position ¢ of K rows of A which defines a
nonsingular matrix A.

The determination of such a position is actually a byproduct of the testing procedure defined

in subsection 3.1 through the set of conditional moment restrictions:

Et [(§t—1 — Byry1) Y1 — D] =0

By assuming without loss of generality that ;41 corresponds to the first K rows of 411, a

5Such a position is invariant by right multiplication of A by an arbitrary non singular matrix M of size K.
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natural identifiable parameterization of A is then:
A= (3.6)

In other words, we choose M = A1,

K(K+1)
2

This choice also identifies £211 = 311 — Idk, and then fixes the required coefficients to

identify €. Q12 and 99 are then respectively identified from the unconditional moments:

Cov [Yi41 — BYiy1, Y1) = Qo1 — By

and
Cov [Ye41 — BYt1, Y1) = Qo2 — BQya.
We are so able to state the set of conditional moment restrictions which allows efficient es-
timation of A, Q, u, v,k = 1,--- K in the model (3.1) with the normalization rule (3.6). If we

denote Q1 = [Q11 Qo] and Q. = [Q91  Qg2] this set of conditional moment restrictions is the

following one:

Proposition 3.3 In the K SV factor model with factor loadings: A = [Idx B']', and idiosyn-

cratic covariance matriz Q = [Q, Q] the parameters u, A,Q and vy, k = 1--- K are charac-
terized by:
Ei[yt41 —p] =0 (3.7)
vee By [(Je+1 — BJer1) Yr41] = vec[(i— Bp) p' + Qo — By | (3.8)
K
vechFEy_ i H (1= L) (ye1yir — AN —Q— /)| =0 (3.9)
k=1

To understand the role of proposition 3.3 within the general issue of inference on SV-factors
models, two remarks are in order.

First, efficient IV estimation through conditional moment restrictions (3.7), (3.8) and (3.9) is
supposed to be performed in a second stage, after the testing strategy of subsection 3.1 has been
applied. In particular, the number K of factors and the selection ¢;+1 of K mimicking portfolios
(see A = Idy) are considered as already known. Note that a first stage estimation of the matrix
B of conditional beta coefficients of other returns ;41 with respect to the K factors should also

be a byproduct of the first stage testing strategy. However, the joint use of conditional moment

22



restrictions (3.7), (3.8) and (3.9) should provide more efficient estimators of B and the other
parameters of interest as well. Second, multi-period conditional moment restrictions as (3.9) have
already been put forward by Meddahi and Renault (2004) for estimation of SR-SARV models.
The issue of optimal instruments for such moment conditions is addressed by Hansen, Heaton and
Ogaki (1988) and Hansen and Singleton (1996).To see what is at play in these moment restrictions,

it is worth noting that, for all pair (yit+1, yji+1) of returns, we can write with obvious notations:

K
Yit+1Yjt+1 = Z NikAj g1 + wij + pip + vffl) with E; [vt(fl)] =0.
k=1
Therefore:
K
(1-mL) (yit+1yjt+1 — Wij — Mz‘,uj) = Z AikAjk [(flgt—kl — 1) - (flgt — 1)]
k=1
K . . . .
+ (1-m) Z AikAjk + v(ﬁ) - ylvt(”).
k=1
But, by definition:
Er1 [(ffr = 1) = (fis = 1)] = Beea [of; = oty — (1=m)] =0. (3.10)

In other words, the first factor volatility dynamics are annihilated by filtering by the lag
polynomial 1 — 1L, up to a moving average of order one effect (we consider only expectation at
time (t—1) of ff,,;—71/%). By iterating this argument with consecutive filtering by (1—v,L), & =
1--- K, we clearly get conditional moment restrictions (3.9). Note moreover that for efficient
estimation, the cross restrictions about yi;+1yji+1,% # j, are intuitively as informative as the

diagonal restrictions about squared returns y3 11

3.3 Identification through higher order moments
To introduce the main idea, let us first consider a one-factor model:
Yir1 = B+ Afip1 + Uit

For identification and inference, we only used so far the conditional moment restrictions pro-

duced by the first two conditional moments:

Ei(yev1) = p
Ey(Yer1yi,1) = MoZ 4+ Q+ .
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Although the process o7 is not observed, the maintained assumption of AR(1) dynamics for

this process has allowed us to identify the parameter of interest up to a scale factor in A (and a
corresponding degree of freedom in Q).

Instead of trying to control this degree of freedom by an additional assumption about the
support of ¢ as in section 2, we will prefer to generalize to SV-factor processes the approach
of proposition 2.7: when the standardized factor fi41/0; is assumed to be i.i.d., or at least with
constant conditional kurtosis, this may preclude the transfer of variance between common factors
and residual variance and thus may allow identification. Following the general approach of this
section, identification and estimation issues will be addressed simultaneously through conditional
moment restrictions.

For this purpose, a well-suited assumption is akin to impose a VARMA (1,1) structure for
the pair (f2, f). While volatility persistence was estimated in previous subsection thanks to
multilag conditional moment restrictions (3.9) corresponding to an ARMA (1,1) structure for f?

(see (3.10)), we add now the second VARMA (1,1) equation for f:

Assumption 3.4 There exists a, b, ¢ such that
B [fa —a—bff —cfi] =0 (3.11)
Note that, jointly with (3.10), (3.11) precisely means that
f 1:2+1 v 0 7
f; ;14-1 b ¢ 7
is uncorrelated with any function of I;_;, which implies a fortiori vectorial M A(1) dynamics.

In order to see to what extent this subsection 3.3 generalizes the result of proposition 2.7, it

is worth revisiting assumption 3.4 in the case of a factor with constant conditional kurtosis:
Eift, = Ko} (3.12)
Then:

Etflfé—l = KEi10}
2
= K [‘/2710? + (Etflaf) }

= K [thm? + (1= +2y(1A=7)of, + 720?_1]
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which shows that:

Eraffa —bE 1 ff —cBaf} = (¥ —c)kop +2v(1—7)k—bloj,

+5(1 =)+ kV;_107.
By identification with (3.11) we show that:

Proposition 3.5 In the case of constant conditional factor kurtosis:

4 4
Etft+1 = Koy

assumption 8.4 is equivalent to the property:
Vi—1(0?) is a quadratic function of o2 ;.

In this case,

b
Viei (o) = % —(1-9)+ [/4; —2y(1- 7)] or 1+ (c=7%) oy

Proposition 3.5 shows that, when a, b, c are free parameters, V;_1(0?) is a general quadratic

function of o2 ;. Note however that the normalization condition EfZ = 1 implies, by Cauchy-

Schwartz inequality: Ef} > 1, that is, with non negative a and b:
c<landa+b+c>1.

Proposition 2.7 was dealing with the case of a GARCH (1,1) factor with constant conditional
kurtosis:

ol =wtafi+(y—a)o,.

Then:

Viciop = Vi ff = o*(k — 1)oyp_,

The general quadratic specification of V;_102, in the context of SR-SARV(1) processes, is
much more general than the GARCH (1,1) case since it nests in particular:

- First, affine processes of conditional variance as considered by Heston (1993), Duffie, Pan
and Singleton (2000) and Meddahi and Renault (2004). Then V;_j0? is affine with respect to
o2 .

- Second, Ornstein-Uhlenbeck like Levy-processes of conditional variance as introduced by

Barndorff-Nielsen and Shephard (2001). Then V;_j0? is time invariant.
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Assumption 3.4 will ensure full identification of the factor loadings and of the residual covari-
ance matrix of SV factor models (with general SR-SARV(1) factors) by allowing to consider joint
dynamics of conditional variance and conditional kurtosis of asset returns. For sake of notational
simplicity, we will assume in all the rest of this subsection that F;y;+1 = u = 0. At the cost of
tedious notation, a free parameter y would not be difficult to introduce in all the formulas. We

also maintain, in the whole following, assumption 3.6 below:

Assumption 3.6 f;1, ft2+17 ff’H are conditionally uncorrelated with any polynomial function of

the ugi4+1 ’s of degree smaller than four.

Let us then consider the conditional kurtosis of a particular asset return i:

Ewher = B |(ifern + i) (3.13)

= )‘?Etfﬁrl + 6X wii B f7 0 + Brugyy

It is then clear that, if we get rid of the residual dynamics, the VARMA (1,1) structure of
( ftzﬂ, ft4+1) will allow us to write conditional moment restrictions and thus to be able to identify
separately /\12 and w;; (from )\? and )\?wii).

Since we consider in the whole paper that error terms do not feature any conditional het-

eroskedasticity, it is fairly natural to discard any residual dynamics, even at higher orders:
By [ujy 1] = Rawy; (3.14)

where r;; denotes the conditional kurtosis coefficient of the error term w4 1.
Then, by writing (3.13) at two consecutive dates and using the law of iterated expectations,
we get:

4 4 4 2 2 2
Et 1y =N Et—lft+1 +6A; Wz‘z‘Et—lle + Kiiwy;

and

B 1yl = MNE 1 f 4+ 60 2wi By 1 f2 4 ryw?

By substracting ¢ times the second equation to the first one and using assumption 3.4, we get:

By (Ypyr —cyir) = MNEi1(a+bf2) +6Xwi B (ff — cff) + ruwi (1 —c)
= a)\;L + /{iiw%(l —c)+ (b)\? - 6cwii) (Et,lyft — wii)

+6wii (Er- 1951 — wii)

26



since Etfl ()\?ftg) = Etflyzzt — Wss-
Therefore, we get the following conditional moment restrictions in terms of observed returns

of asset i:

B4 [(1 —cL) (yftﬂ — 6wiiyz~2t+1) — b)\?y?t] = a)\f-‘ + niiw?i(l —c) — b/\?wii — 6w (I1—-¢) (3.15)

13

To assess the marginal informational content of (3.15) with respect to the SR-SARV condition

(3.9), it is worthwhile to rewrite (3.9) as:

Er 1 [yig — i — (1=7) (wi + A7)] =0 (3.16)

Typically, (3.16) corresponds to a diagonal coefficient of (3.9) which does not allow to disen-
tangle the respective roles of w;; and )\22 within the unconditional variance (w;; + )\ZQ) of yit1+1. By
contrast, assumption 3.4 rewritten as (3.15) ensures identification of:

(i) c as coefficient of y},

(ii) wy; from the coefficient of y2 ,

(iii) )\22 from the knowledge of w;; and the unconditional variance of ;41

(iv) b from the coefficient of y2 and the knowledge of ¢, w;; and A?.

However, a and k;; are not identified separately from (3.15). In the same way as second order
dynamics of the vector of returns did not allow us to disentangle the respective contributions
of factor and residual volatility inside the return variance, the respective contributions of the

a+b
—c

T2 (through the free parameter a)

idiosyncratic kurtosis ; and of the factor kurtosis Ef =
cannot be identified from fourth order dynamics of return i.

To summarize, we have shown:

Proposition 3.7 Let us consider the one SV factor model (3.1) (with K = 1), with Eyyi+1 = 0.
If, for some asset i, the idiosyncratic conditional kurtosis is constant (Ey [uftﬂ] = /@iiw%), the
unknown parameters A, £, v, b,c, and a)\;L + H”’w%(l — ¢) are identified by the following set of

conditional moment restrictions :

Ey (Y1) =0

veck} K@H — iX*lﬂtH) y£+1} = vec [92‘ — 5\5\7191}

vechFE_q [(1 —~L) (yt+1y£+1 Y - Q)] =0

B4 [(1 —cL) (yftJrl — Gwiiy?t—i—l) - b)\?yft} = a)\;l + miiw%(l —c)— b)\?wii — Gw%(l —c)
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Of course, for efficient estimation, it may be useful to even maintain an assumption of fixed
conditional idiosyncratic multivariate kurtosis, which, jointly with assumption 3.4 and 3.6 is

tantamount to an assumption about the conditional multivariate kurtosis of returns :

Proposition 3.8 Let us consider the one-SV factor model (3.1) (with K = 1) with the additional

assumptions 3.4, 3.6 and:

Ewyr1 =0

!/ !/
E; [Ut+1ut+1 ® Ut+1ut+1] =0,

then, if D} denotes the Moore-Penrose inverse of the duplication matriz of size n 7, the

multivariate conditional kurtosis of yi11 is given by:

Ey [(UeChytJrly{tH) (”ec}lyt“ygﬂ)l]
AN @ ME; (fiy) + 6+

=D;}
o [AMNN @ Q + (vecAX) (vecQ) + (vectd) (vecAN)']

Dt

Proposition 3.8 allows to write matricial observable moment restrictions about w411, ®
Yi+1Y;4, in the same way as, while focusing only on diagonal coefficients, we deduced (3.15) from
the conditional kurtosis of return i. Of course, these conditional moment restrictions must be
considered jointly with those of proposition 3.3. However, the normalization condition A = I'dy,
maintained in proposition 3.3 is now irrelevant since the higher order moment restrictions allow
us to fully identify the matrix A of factor loadings and not only the matrix B = AAL.

To summarize, in the one factor case, the unknown parameters A, €2,~,b and c are identified,
whereas a and © cannot be separately identified because only aAN @ AN + (1 — ¢)© is identified.
We then obtain the following proposition :

Proposition 3.9 Under the assumptions of Proposition 3.8, efficient instrumental variables es-
timation of A\, Q, v, b,c, and adAN @ AN + (1 — ¢)© can be obtained through the following set of

conditional moment restrictions :

Ei (yt41) =0
veck |:(:ljt+1 — j\/_\*lgjtjq) ygﬂ} = vec [Qg_ oy
vechEy 1 [(1 = YL) g1y — AN — Q] =0

n(n+1
2 (2+))

"The duplication matrix of size n is the (n*, matrix D, such that, for any symmetric matrix A of size

n, vecA = D,vechA. Then, the Moore-Penrose inverse D;' of D,, satisfies: D;fvecA = vechA
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Dy By [(1 = cL) ¢ (yer1, ) — bAN yeys] D
!/ / !/
_pr adN @ AN — AN @ Q+ (1 — c)o— D
41— )2 @ Q —2(1 — ¢)(vecf?) (vecd)’

where:
d(y, Q) = (Vec yyy)(Vee yiyy) — 42 @ gy, — (Vee Q)(Vee yiyy) — (Vee yiyy) (Vee Q)

In practice, one would not like to make inference about the huge number of unknown pa-
rameters involved in the matrix © through all the conditional moment restrictions associated to
?(Yyi+1,€2). In other words, only some components, for instance corresponding to diagonal terms
as in proposition 3.7, may be considered. Moreover, note that, in the one factor case, the second

order moment restrictions of proposition 3.9 can also be written:
Ey Kj\zjtﬂ — j\gt—&-l) Z/£+1} = vec [5\92. - 5\91.}

These restrictions were precisely the ones tested in section 3.1 to determine the number of
factors, in the line of common features restrictions ¢ la Engle and Kozicki (1993). However, we
keep the formulas in terms of b = j\j\_l, since they shed more light on the multifactor extensions
with B = AA=1. All the results of this subsection can actually be extended to a SV multifactor
model at the cost of tedious notations. For sake of illustration, we provide in the appendix the

generalization of propositions 3.7 and 3.9 to the two factors case.

4 Model with linear risk premiums

Following King, Sentana and Wadhwani (1994) (KSW hereafter), we consider specification of
time-varying risk premiums that can be understood as a dynamic version of the Arbitrage Pricing
Theory. As in KSW, the time variation in the conditional variances of factors allows to identify
the factor risk premiums. Even more importantly, when the prices of factor risks are non-zero,
identification of corresponding risk premiums precludes any transfer of a part of factor variance
into the residual variance, as put forward in section 2. Therefore identification and IV estimation
of all the parameters of interest are made possible from expectation and variance of returns
without resorting to higher order moments. Moreover, the statistical sequential procedure that
we have settled in section 3.1 to determine the number of factors is easily generalized to the case

of APT-like time varying risk premium.
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Finally, we show that, if we want to relax the APT specification, one can also identify and es-
timate a fully unconstrained set of idiosyncratic risk premiums. Following KSW, these estimators

can be used to assess the APT specification.

4.1 The general framework

Introducing risk premiums is akin to revisit model (3.1) in a more general form:

Yir1 = By (Y1) + Aferr +upnr (4.1)

which allows to consider a vector of time varying expected returns Fy (y;4+1). In this section,
we always consider returns mesured in excess of the riskless asset and thus, expected returns
E: (yit+1) are unambiguously interpreted as risk premiums.

Following the APT literature or more generally the linear factor pricing principle, we assume

that risk premiums are linear combinations of return betas:

By (yi1) = AVi (fe1) 7 (4.2)

where 7; is interpreted as the vector of prices of risk for each of the factors. Of course, this
economic interpretation implies that 7; belongs to the agent’s information set at time ¢. (4.2) is
actually the risk premium specification choosen by KSW. Notice that, while KSW maintain the
assumption of an exact conditional K-factors structure, which means a diagonal residual matrix,
this is no longer the case in our model. Therefore, there may be less theoretical underpinnings
for the APT-like assumption of zero risk premium for idiosyncratic risks. Some arguments will be
made explicit in subsection 4.3 below to warrant specification (4.2) as well as to define a statistical
testing procedure of it.

Before studying IV estimation of the parameters of interest that takes into account the extra
risk premium terms and corresponding additional unknown parameters, it is important to address
the model choice issue, that is the determination of the number K of factors. We basically want
to extend the approach proposed in section 3.1 to the more general factor model (4.1)/(4.2).
The crucial trick of section 3.1 was a sequential testing procedure based on conditional moment

restrictions:
Et [(§t+1 — Byey1) Y1 — D] =0 (4.3)

for unknown matrices B and D. We considered that, when the overidentification test fails to
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reject (4.3) for a given K-dimensional subvector ;11 of y;41, it means that a K-factor model:

Yt4+1 A
= i frr1 + w1 (4.4)

Ye+1
is valid with B = AR~
Let us now consider the generalization of (4.4) according to the risk premium specification
(4.2):
Y1 A A Ugt1
B = Vilfert) e+ | _ | fimn + | (4.5)
Yev1 A Upt1

Then, if B = /:\/_\_1, Yt+r1 — BYir1 = W1 — By still has constant conditional covariances
with each of the returns y;;4+1. Therefore proposition 3.1 remains valid in the more general factor
model (4.1) with risk premiums and inference about Hyj can still be based on the conditional

moment restrictions:
E; [(§t+1 — Byi41) Vi1 — D] =0

for unknown matrices B and D. In other words, the identification strategy of the number of

factors will be exactly the same as in section 3.1.

4.2 Identification and IV estimation with APT-like risk premiums

For sake of notational simplicity, let us consider a one-factor version of the model (4.1)/(4.2):
Yir1 = A0P T+ A1 + v

As usual, the respective roles of o7 and 74 within the risk premium cannot be disentangled
without specifying more precisely the dynamics of the risk premium process 7;. Following KSW,
we will maintain here the simplifying assumption that the price of risk is positive and constant
over time:

7w =71 > 0 for all ¢.

As stressed by KSW, this does not though imply that the overall price of risk for each asset, that
(Vitjﬁ’ is constant.

Whatever, we focus here on the following specification:

is the Sharpe ratio

Yir1 = AT07 + A1 + u (4.6)
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Of course, the occurence of o7 in Ey (y4+1) implies that E; (yt+1y£ +1) will involve of. Therefore,
observable moment restrictions about returns volatility cannot be obtained without specifying a

forecasting model for O'?_H. We will maintain here the following assumption :
Assumption 4.1 There exists a*,b*, c* such that

By (o},1) = a* + b0} + c*af
with 0 <c* <1 and a*+b"+c* > 1.

One way to get some intuition on this assumption is to compute:

Vi(o3n) = Ei(otn) = [(1-7) +07)’

= o ==+ =290 = of + [ =47 ot (4.7)

By comparison of (4.7) with proposition 3.5, one can realize that assumptions 3.4 and 4.1 are
actually equivalent when:
a b

a*=—,b"=—, and ¢" =c. (4.8)
K K

In this respect, assumption 4.1 is tightly related to previous assumption 3.4 and could be jus-
tified by the same examples of strong GARCH or affine process of conditional variance. However,
by contrast with section 3.3 we are looking here for conditional moment restrictions in the spirit
of proposition 3.3, that is involving only conditional expectations and variances of returns. This
has two important consequences in terms of identification.

First, there is no hope to take advantage of an assumption of fixed conditional kurtosis k
for the factor process. This assumption is not maintained here. Second, one cannot identify
the unconditional variance of Ut2, or equivalently, the unconditional variance of the risk premium

vector. Note that, according to assumption 4.1:

Vare2 = © 1% 4 (4.9)

1—c¢*

Therefore, the necessary degree of freedom in Varc? can be taken into account by considering a
free parameter a* for given b* and ¢*. Up to this degree of freedom, we will get IV estimation

and identification of all the parameters of interest as stated in proposition 4.2:
Proposition 4.2 In the one SV factor model with risk premium (4.1)/(4.2):
Yer1 = AGTT 4 A1 + w1
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for any given value of a*, the parameters b*, c*, X\, 7, v and Q (a*) are characterized by:

Ei [yema XN = Ayiq] =0 (4.10)
E; [(S\ﬂt—i-l - ;\gt—i-l) yzltJrl] = A — A (4.11)
Er 1[I =yL)yry1 — AT (1 =7)] =0 (4.12)

/ / N
Ytr1Yes1 — CYYy — Y15 —

yN (£ —71b*) — (1= c*) Q(a*) — AN72a”

VecE;_q =0 (4.13)

The notation Q(a*) means that only the identification of the residual covariance matrix €
is contaminated by the non-identification of a*, which is actually akin to non-identification of
Varo?. Indeed, Q = Q(a*) is identified only through (1 — ¢*)Q(a*) + AN'72a*, when the free
parameter a* is fixed.

On the contrary, we claim that parameters b*, ¢*, A\, 7 and v are fully identified from the
conditional moment restrictions (4.10), (4.11), (4.12) and (4.13). The intuition behind this is
the following. The APT-like risk premium specification first adds a set of common features
restrictions:

Ei [Niyjt+1 — A\jyirs1] =0 (4.14)

to the common features restrictions already provided by the one factor model of conditional

covariances:
Ey [(Niyjer1 — Ajyier1) Ui | = NS — M (4.15)

Conditions (4.14) were actually already ensured in section 3 through the maintained assump-
tion Fy (yi+1) = 0. As in section 3, the common features set of restrictions, even augmented by
(4.14), provides identification of the factor loadings A;’s only up to a scale factor. According to
proposition 2.2, this scale factor (1 — QQ) may be associated to a variance transfer:

2_ 2
o;—0o
2

1-0

Q replaced by Q + o2\

o? replaced by

Further, these common features restrictions do not bring any information about the free
parameter a* in 2(a*). The added value, in terms of identification, of proposition 4.2 is to allow
full identification of the factor loadings through additional moment restrictions (4.13) resulting

from the risk premium model:

Ei (ys1) = A\ro?
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Under the maintained assumption of a non-zero price of risk 7, this model brings additional
identifying information about the latent process o7 which precludes the aforementionned transfer
of variance. To see this, it is worth noticing that the (4, j) coefficient of (4.13) provides, through

the coefficients of y;;41 and y;;, separate identification of:

A Ai
“and = (¢* — b*7?)
T T

Moreover, identification of % leads to a separate identification of A\; and 7 > 0, thanks to the

additional information (implied by (4.12)):
Eyjip1 = N7

Then b* is identified from % (c* —b*r2) since ¢* is identified as the coefficient of y;,. The

volatility persistence parameter « is identified from (4.12).

4.3 Testing for the zero-price of idiosyncratic risk

Following KSW, we can test the APT-like specification of risk premiums by allowing the idiosyn-
cratic volatility w;; of each asset ¢ to affect the corresponding risk premium through an additive
term pu;:

Yer1 = p+ NPT + M1 + upyn (4.16)

Note that, since we do not assume that the idiosyncratic covariance matrix €2 is diagonal, u;
may also involve risk premium terms related to the covariation with idiosyncratic risks of other
assets j # ¢. This is only an issue for interpretation and does not play any role in the following
testing procedure.

The crucial point is that the u;’s are also identified, jointly with the other parameters of
interest, from conditional moments restrictions like (4.12) and (4.13). To see this, let us just
rewrite (4.12) and (4.13) with w41 replaced by (ye+1 —p). We then get conditional moment

restrictions consistent with the extended model (4.16):

Er 1 [(1=~L) (ys1 —p) = AT (1 =7)] =0 (4.17)
and

Yir1Yi1 — ey — (1 = ¢*L) <My£+1 + Y1l + Y1 %)

Ei 1 ,
—7b*y N — (1 —¢*) (Q(a*) — pp — /ﬂ%) — uNTb* — AN 72a*

=0 (4.18)

34



Then, for i # j, the (i, j) coeflicient of (4.18) provides, through the coefficients of y;;+1, yj¢+1 and

y;t, separate identification of :
Aj Ai
Wi+ 7] , it; and ¢* (Mj + 7_1) —b*'T )

Then, we get identification of p and % while separate identification of A; and 7 is obtained from

the additional information (implied by (4.17)):

E (yji+1 — pj) = N7

Then, b* is identified from c* (,uj + %) —b*1 )\ since ¢* is identified as the coefficient of yy;. The
volatility persistence parameter « is identified from (4.17).

To summarize, we still get IV estimation and identification of all the parameters of interest, up
to the free parameter a*. It is then possible to test the APT-like specification of risk premiums,
either equation by equation (testing the null Hy; : u; = 0 for any given ) or jointly (testing the

null Hy : p=0).

5 Conclusion

The main contribution of this paper is to characterize to what extent SV factor structures are
identified by conditional moment restrictions. Insofar as the announced goal of such structures
is to afford a parsimonious representation of joint volatility dynamics, fully parametric models of
conditional probability distributions should not be needed for their identification. We actually
show that, when factor volatilities also show up in conditional means through well specified risk
premium terms, identification of the SV factor structure is ensured from the first two conditional
moments. On the contrary, without such time-varying risk premiums, higher order moments are
needed for full identification of the SV factor structure. We focus here on conditional kurtosis
under a maintained assumption of zero conditional skewness and no leverage effect. The way to
accomodate in our framework any kind of multivariate asymetry effect is discussed in a companion
paper (Dovonon, Doz and Renault (2004)).

Of course, identifying conditional moment restrictions naturally paves the way for GMM
estimation and inference through a convenient choice of instruments. Practical implementation
of such GMM interence open several kinds of issues. First, as it would also be the case with
likelihood inference, a preliminary step of determination of the number of factors is needed. We

have shown here how the Engle and Kozicki (1993) test procedure may be completed to fully
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take into account the information content of the factor structure. Second, the empirical goodness
of fit of competing SV factor models is still an open question. While the empirical performance
of similar SV structures has been documented in maximum likelihood settings (see Fiorentini,
Sentana and Shephard (2003) and references therein), the semi-parametric structure considered
in this paper may improve the statistical fit. Finally, depending upon the category of financial
asset returns considered, additional asymetry effects along the line of Dovonon, Doz and Renault
(2004) could be statistically and economically significant. An extensive horse race between the

various possible SV factor specifications is still work in progress.
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Appendix

Proof of Proposition 2.1:
We have 1 = Eazt > gi > 0. Let oy, ng, 0 <o <1
We denote by D a K x K matrix the coefficients of which are all zero, except the k" diagonal

coefficient, equal to «ay. We have:
¥ =A(D;—D)N +ADN +Q

with
Q=ADAN +Q#Q
Q-Q=ADAN >0
Let us define: A = Idg — D.By construction, A is a diagonal matrix with positive diagonal

coefficients. Therefore A2 and A~1/2 are defined without any ambiguity and we can consider:
A=A A2 (A1)
and
Dy = A"Y2(D, — D)A™/? (A.2)

Then, we have:

Sy =A(D;,—D)AN +Q=ADA +Q

with:
A=A AY?2 and ED,=A"Y2(Idgx — D)A™Y? = Id.

Proof of Proposition 2.2:

While (2.10) means that we have a one-factor model of conditional variance:
Y= Mo+ Q

where o7 = Var (f;11|J;), we know, from Proposition 2.1, that we can write:

2 2

2

where by (A.1) and (A.2): 62 = ., A=XM/1-¢2, and Q=Q+ s’ \\ . Therefore,

1-0o
we will prove the announced result by characterizing a factor f;;1 such that:
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Yer1 = A feo1 + e
Cov (at+1a fea1 |Jt> =0 (A.3)
Var (ftJrl |Jt) =57

fr41

V1—o2

We write: fii1 = + &t+1 which then means that:

Yyl = A frr1 U = A ———
V1-—0c2
= A (ftﬂ — 5t+1) + U1
= X fig1 + G
if and only if: ﬂt_H = Ut+41 — th—l—l-

Therefore, the second equation of (A.3) is tantamount to:

Cov (Ut-‘rl — X &, e + &1 |Jt> =0

1 — g2

that is: Cov (ugs1,&e41|Jt) = X Cov (§x1, fraa | ) + M1 — a2Var (41 | J1).

In other words:

dpr € J Cov (w1, &1 |Jt) = pe A (A4)
with:
Cov (fi1, 641 |Je) = pr — V1 — % Var (§41 | ) (A.5)

On the other hand, the last equation of (A.3) means that:

L R Var (€ 1)+ ——— Cov(fiar, €)= DT
1— o2 0t ar (Ge+1 |Jt \/@ ov (Jt+1, St+11Jt) = 1— o2
that is:
o? 2
T2 T Var € lJe) + ——==Cov(fer1,&+11d) = 0 (A.6)
—0o V1-a?

We will rewrite the set of conditions (A.4), (A.5) and (A.6) on the following equivalent form:

There exists a Ji-measurable random variable p; such that:

Cov (U1 &1 |Je) = pr
Var (€t+1 |Jt) g +

: (A7)

2

Cov (fiy1, &41 !Jt) = —pp — \/127_7

1 ok
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In other words, the proof will be completed if we succeed to build a random variable &1 such
that the existence of p; € J; conformable to (A.7) is guaranteed. In order to do this, we define

&i+1 from its conditional linear regression on (fi11,u;+1) given Jy:

41 = ¢ fr41 + O] w1 + 2e41

Cov (zg41,up41|Jt) =0

Cov (z¢41, fis1]Ji) =0

We first notice that the value of a; and (3; are imposed by the first and the last equations of (A.7)

and are respectively given by:
Var (Ut+1 |Ji) Bt = peA <= By = QA

and:

2 o? 1 2
oy =—pp— ——<—yu=—|pt+t— 1.
' V1—o? o} V1—o?
By computing Var (&1 |J;) with the above values of a; and (3, we conclude that the conjunction

of the three conditions of (A.7) will be fulfilled if and only if:

2
= — NQta+v Ji)=— A8
o2 (PH— 1_02> =+ pi +Var (zi41|Jt) 1—g2+ o (A.8)

Note that if we find p; conformable to equation (A.8), Var ({41 |J;) as defined by the second
equation of (A.7) will be positive by construction. In other words, the only thing to prove is that
we are able to define a random variable z;y; such that the equation (A.8) admits at least one

solution p;. But (A.8) can be rewritten as:

1 9 2 2 2
pi (2 +XQ‘1A) + <O—2 - 1) + = <Z2 - 1) +Var (z111J;) =0
t

of /1 — 02 \0f 1—o
Therefore, we have to find a random variable Var (2441 |J;) such that the discriminant of this

equation is positive a.s.:

1 o’ ’ 1 10-1 o’ Joig
o\ ) TG e (g ) Ve i 20

Equivalently, we have to check that:

2 2 2
1
<f’2 - 1) - ( i m—u) o (02 - 1> > 0.
0% 0% 0%

But, by Assumption (2.12): Z 1 <0 as.
o
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Then, we have to show that:

2 1
% —1-¢2 <2 + )\’Q_l)\> <0 a.s.
0% 0%

that is: 1+ a?NQ 71\ > 0, which is obviously true and completes the proof.

Proof of Proposition 2.3:

Let us assume, without loss of generality, that the first K rows of A define a nonsingular
matrix A of size K. Then, by denoting A the last (n — K) rows of A, the n— K rows of the matrix
A= (—/:\/_\_1 Id,_x) define a basis of the orthogonal space A+ of the range of A.

Thus, the equality :
ADN +Q =LA L +W

implies that A (LA;L’ + W) is a constant matrix, equal to its unconditional expectation: A (LL' + W).

By difference, we get:
AL(A—Idj) L' =0

From the linear independence of the J columns of L, we conclude that:
AL(Ay—1dy) =0

and thus, the J columns of AL are zero since none of the random diagonal coefficients of the
diagonal matrix (A; — Idy) is identically zero. Therefore, the rows of A belong to the orthogonal
space LT of the range of L, that is : A+ c Lt.

Hence: Span(L) C Span(A).

Finally, as L and A play symmetric roles: Span(L) = Span(A) and K = J.

Proof of Proposition 2.4:

From the two factor decompositions:
AD/N+Q=LAL+W
we get, by considering unconditional expectations :
AN+Q=LL+W
and then, by difference of these two equations:
A(Dy — Idg)N = L(Ay — Idg )L
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From proposition 2.3, we know that the ranges of L and A concide. As L and A have full

rank, it exists a non singular matrix M such that : L = AM. Thus:
A(Dy — Idg )N = AM (A — Tdg ) M'A

As A is of full column rank, this implies (using a left multiplication by (A’A)~*A’ and a right
multiplication by A(A’A)~!):
Dy — Idx = M(A; — Idg )M’

If we denote M = (m;;)1<i <k and if D, = diag(o7,) and A, = diag(67,) we thus obtain :

K 2 g - .
oz —1 if 1=

Z(&l%t - 1)mikmjk = " J

k=1 0 otherwise.

As 6 = (&,%t)lgkg K is supposed to have a non singular covariance matrix, we then obtain :
mgmjr = 0if ¢ # j. This proves that in each column my of M there is at most one element
m;, which is different from 0. But, as M is non singular, there is in fact exactly one element m;;
which is different from 0 in each column my. For each k, let us denote by m () this element.
As no row of M can be equal to 0, 7 is a permutation on {1,--- , K}.

Then, the relation L = AM can be written :

K

V(i 4) L =D Nk = Air()Ma(h);
k=1

Let us then define a permutation matrix @ by :

1 if i =7(j)
qij =
0 otherwise

and let us denote A = diag(my,-1(1) - Mgr—1(k))-

Straightforward calculations show that : L = AAQ.
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Proof of Proposition 2.5:

We know by proposition 2.4 that L = AAQ where @ is the permutation matrix defined in the
proof of proposition 2.4 and A = diag(dy---dx) with 6y = my, 1) # 0 for K = 1--- K. Then
the relation AD;A’ + Q = LA;L' + W can be written :

A(Dy — AQAQ' AN =W —Q (A.9)
so that :
Dy — AQAQ'A = (NA) A (W — QAN A)!
Let A= (ANA)~IA (W — Q)A(A'A)~1, we then have :
Akl = Ul%t — 51%672'—1(k)t Vek=1---K
Then, since 5,% # 0, these equalities can be consistent with the zero lower bound for both U,%t

and &f,l(k)t (identification condition) if and only if agr = 0 for any k = 1--- K, that is A = 0.

But on the one hand, A = 0 means A'(W — Q)A = 0 and on the other hand, taking the
expectation of (A.9) implies that A(Idx — A%)A’ = W — Q. These two relations imply that
NA(Idg — A?)A’A = 0. We then obtain that A? = Idx which in turns implies that W = Q and

completes the proof.

Proof of Proposition 2.7:
We know from proposition 2.4 that the factor loadings A and A must be proportional:

A = k) for some k € R.
Then the decomposition of the conditional variance of y;y1 gives:
Mo? +Q=kN62 +Q

and, by difference with unconditional expectations:

M (0f = 1) = B2\ (67 - 1).
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Thus:
o2 —1=k*52-1) (A.10)
As we assume that both f? and f? have a GARCH (1,1) structure:
ot — 1=y +afiy+(y—a)}
624 —1=—-F+aff,+ (7 —a)s?
we then obtain, by applying (A.10): 0 = —y + k% + o fZ; — dk:QﬂQH + (y—a)o? — (5 — &) k252,
By computing conditional variances given J;, we get:

kol = a’krie? (A.11)

where (k4 1) and (kK + 1) are respectively the kurtosis coefficients of the conditional probability

distribution of (fy41/0¢) and (fi41/6;) given J;.

By plugging (A.11) into (A.10) to eliminate 672, we get:

af—lzk?[azﬁ 2—1].

a2kt
Since o? is by definition a non degenerate random variable, this imply: k? = 1 and in turn by

(A.10) and (2.21): 07 =57 and v = 7.

Then, by identification of the two GARCH equations:
a(ft2+1 - Utz) = d(f?-s—l - 0752)~

But, using k2 = 1, (A.11) gives a = +@, under the maintained assumtion: x = &. Thus, as a and

& are nonnegative, this assumption gives: a = & and ft2+1 = ffﬂ.

Proof of Proposition 3.1
We first show that (i) = (ii). With obvious notations, since:
Yre1 = M1 + Geg,
we get:
Yrr1 = AT i1 — Gprr] + U
that is, with B = AA~L:
Yt+1 — Btp1 = U1 — Bliga
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is conditionally homoskedastic, as a (constant) linear function of the homoskedastic vector 1.
Conversely, let us show that (ii) = (i) and B = AA~L.

Let us assume, without loss of generality, that the asset return indices are such that:

Yer1 = Ty, Ge1) -
Then, the (k x K) matrix A denotes the first k& rows of A, and:
= _ = ~\/
Vi [Ges1 — Biest] = (A . BA) D <A - BA) + =B, Idp_4) Q[~B, Id,_y] .

Therefore, the assumption of conditional homoskedasticity of 911 — B¥s+1 means that M D; M’
is a constant matrix, for M = A— BA. But, the coefficients of the matrix M D;M’ are linear com-
binations of the conditional variances ajzt, 7 =1,--- K. By assumption, such linear combinations
can be constant only if all their coefficients are zero. By considering the diagonal coefficients of
M D; M’ we see in particular that: jil m?ja]zt is constant for all 7, and thus: m;; = 0 for all ¢ and j.

Therefore M = 0, that is A = BA. Then, if AT denotes the Moore-Penrose inverse of A, we

get:
AATA = BAATA = BA = A
and thus:
o AATA A
AATA = _ =1 _.1=A
AATA A

Since A is full column rank, we conclude that
AYA = Idg

Since the rank of A cannot be larger than k, we deduce from this that & > K and then k = K.

Thus, A is a square invertible matrix and B = AAL,
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Proof of Proposition 3.2

As vec (ngH_lng) = Yi41Yy 41 @ In_gvecB, we have :

89(B, D) 1 -
=P I”_ - In n—
d[(vec B)', (vec D)'] -, ® [Gr41Yi41 © In-K ( K)]
= —_F gt+1y£+1 ® ‘[’an In(an)
240t41Yp41 @ In—k 2 n(n i)
I | . Qn |
As A = , if we denote 21 = , Ez = a, and E (2D;) = A we then obtain :
B Qo1
9®(B, D) (A+Q1) © Ik Lm0
9 [(vec BY, (vec DY (AA + 049.1)/ oL, x a0

As (A — alg) = Ez Dy — EzED, is assumed to be invertible (diagonal matrix with non-zero
09(B,D)

diagonal coefficients cov(z, 0%,)), it is then straightforward to show that Bl(vec By (vec Dy 18 of full
column rank. Actually, if it were not the case, it would be possible to find a non zero u = =
2
such that :
(A + Q-l)/ ® In-K In(n—K) M1 —0
(AA + OéQ_l)/ &Ik aIn(an) U2

By substracting « times the first equation to the second one, we would then get :
[(A (A - OJK)), & In_K],ul =0

As (A — alg) is invertible, the rank of A (A — alf) is equal to K so that the rank of (A (A — alk))'®
I,_k is equal to K (n — K). The above equality would then imply p; = 0 and in turn ps = 0.
This completes the proof.

Proof of proposition 3.8

vee ((/\ft+1 + Ugt1) ()\/ft+1 + U;+1))

= wec (A fZ + frrr (wep N + M) + wprup, )

vec (yt+1y£+1) =

with
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vec (ug41 ') = vec ()\u,’fﬂ), = Kpyvec (Auj, )

= Knnut+1 ® A

so that:

vee (Yes19i41) = A@ AfF + (I + Knn) w1 @ Afegn + g1 @ ugpn
and (using D;} K, = D;F):

vech (yt+1y£+1) = DqJ{U@C (yt+1y{e+1)

= DF (A@ M1+ 241 @ Afrg1 + w1 @ upg) -

Thus, using assumption 3.6, we get:

E; [(veCh (ye+19141)) (vech (yt+1y£+1)/]

(A®AfRy + 2up1 @ M1 + upr1 ® upgr)

= D'E
n ¢ / ! £2 / / !/ !
(N @N 2y +2up @Nfrpr +uj ®uj, )

+1
DTL

AN @M E fily + By (Mg @ Mugyy) - Effy +4Q @ AWELfE
+E; (upa N @ uppaN) - By (ff) +©

D’

— +
Dn n

But:

= E [(vec)\)\') . (Uec utHu;H)/}

= (vecA)') (vecf)’
and, in the same way:
E; [qu)\/ ® uH_l)\/} = (vec ) (vec )\)\/)/

Finally we get:

E, [(vech (r+19i11)) (vech (yt+1y£+1))/]

_ e M @MNE (fiq) +© Dt
! +E; (f21) [(veeAX) (vec Q) + (vee Q) (veeAXN') + 4Q @ AN']
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This completes the proof of proposition 3.8.

Proof of proposition 3.9
The first three conditional restrictions are merely a re-statement of proposition 3.3 in the
case where K = 1 and p = 0. Now, if we take the conditional expectation at time ¢ — 1 of the

conditional kurtosis of ;41 as obtained in proposition 3.8, we obtain :

E; {(UeCh (ye+19111)) (vech (yt+1y£+1)),}

M @MNE;_1 (flq) + 6+
Eiq (f21) [(veeAX) (vee Q) + (vee Q) (vecAN) + 4Q @ AN']

— Dt

D

As By 1 (AN fA 1) = Beo1 (ye419,41 — Q) , this can also be written:
Ei 4 [(vech yt+1y£+1) (vech yt+1y£+1)/}

M @ ANE;_1 (fi) + 6+
=D} B, (vee (yer19ps1 — ) (vee Q) + (vee Q) (vee (ye41Yi1) — Q)/ Dy’
+4Q ® (Y1141 — Q)

M @ANE_1 (fl1) + 6 —2(vee Q) (vec Q) —4Q ® QO+ D
E._4 [(vec yt+1y£+1) (vee Q) + (vec Q) (vec yt+1y7’5+1)l +40® yt+1yg+1}

We then obtain:
D Er_10(yeq1, Q) DY

n

= Ei 1 (vech y119i41) (vech yii1yi41)

~DEy 4 [49 ® Y1191 — (vee Q) (vee yt+1y£+1)/ — (vee ye1Yi41) (vee Q)/}
=D, [\ ® )\A'Et,1f51+1 + 0 — 2 (vec Q) (vec Q) —4Q ® Q| D}
In the same way, we have:
D} E; 19y, Q) D) = D AN @ AWWE,_1 f + © — 2 (vec Q) (vec Q) — 4Q ® Q] D}l
so that we get:

M @AME;_ (1—cL) fA, + (1 —c)6—

Dy Ep (1 —cL) ¢ (yer1,Q) Dy = Dy
2(1—c¢)(vec Q) (vec Q) —4(1-c)Q®Q

+7
Dn

47



Using assumption 3.4, we know that

Ei 1 (1—cL) ft4+1 =a-+ bEt—lftZa

so, that:

ME 1 (L—cL)fly = a N +b AN E_f}

= a N +bE_ (ytyf5 — Q) .
Finally, we obtain:

Dy Ee1 (1 —cL) ¢ (ye+1, Q) Dy
_ pr a N @A +b AN @ Ei_1 (yy;) —b AN @ Q D
+(1—¢)O—2(1—c)(vec Q) (vec Q) —4(1-¢c)Q®Q

which is the announced result.

Extension of proposition 3.9 to the two factors case

Proposition : In a two-factors SV model :

Yer1 = A1 fie1 + Aeforer + uer

such that

/ !/
Et [ut+1ut+1 X Ut+1ut+1] =06

and
Ei [fliltJrl — Qg — bkfl?t - Ckf;clt] =0, fork=1,2,

efficient instrumental variables estimation of A, Q, Y&, by, ¢k, k = 1,2, can be obtained through

the following set of conditional moment restrictions :

By (yi41) =0
veck; [<§t+1 — K[\_lgt_i_l) ygﬂ} = vec [Qg_ — K[&‘lQll
'UeChEt_g [(1 — ’ylL) (1 — ")/QL) (yt‘i‘lyé—i-l — AN — Q)] =0

(1=mL) (1 =mrLl) 1 —al)(l—cl)¢(y+1,Q) -

(1 —c2L) (1 — y1y2L) (1 — y1L) by (veeyry,) (vechay) —

(vechi \p) (veeyy;) + (veeyry,) (veehi )
Yy @ MY

DYE, 4 D’ = cst

(1 - CQL) (1 — ClL) Y2 (1 — ’)/1)

48



(1=9L) (1 =mrLl) (1 —al)(l—cl) ¢ (y+1,9) -

1—cL)(1- L) (1 —~9L) by (vec veeA ) —
D, | (@D 013D (L= 32D b (veeyaf) (vecrs)’ oz
/ /
o) (1 eny o (1 nyy | (0CA8) e+ (ecuad) (ecrs )
I +4yryp © Ay |
where:

Oy, Q) = (Vee yiyy)(Vee yyp) — 4Q @ yy; — (Vee Q)(Vee yyy) — (Vee yyy) (Vee Q)

Of course, as it has been already said about proposition 3.9, the last two sets of conditional
moments restrictions involve a huge number of parameters, but it is not necessary to use this
whole set of restrictions to identify and estimate the parameters of interest. For instance, only
the diagonal terms of the involved matrices can be used.

Proof:

The first three conditional moment restrictions are only a re-statement of proposition 3.3. We
prove here the fourth moment condition, while the fifth one is just a corollary by commuting the
roles of indexes 1 and 2. But before going into the detailed proof, which involves some tedious
calculations, it can be useful to sketch the intuition.

Actually, the main trick in the proof of proposition 3.9 is to compute the conditional expec-
tation at time ¢ of the fourth order moments of y; 11, and to apply assumption 3.4 to AN ft2+1
instead of f7 , which allows to use observable variables through the fact that E;_1 (AN f2 ;) =
Ei 1 (yer1yis1 — Q).

In the case of two (or more) factors, things are a bit more complicated because assumption
3.4 is made for each factor fi¢i1, while only the sum A\ f7,,; + X253, can be replaced by a

function of the observable variables, through the relation:

Bt (>‘1)‘ f1t+1 + )‘2)‘/2f2t+1) =Ei (yt+1y£+1 - Q) )

Further, the calculations which are made in this case involve the unobservable term: o%,03,
and, in order to get rid of this term, it will be necessary to use its own autoregressive structure,
that is an AR(1) structure with an autoregressive parameter equal to vy17ys.

In the two factors case, the detailed proof of the result is then the following one (it can be

easily extended when there are more than two factors). As we have in this case:

2

/ !/ !/ !/ /
Vertio = Y NAL Fire e Y (ki + uepi \y) Frern + ity
1<5,k<2 k=1
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we get, using the relations: vec (u¢1\),) = Knnvec ()\kugﬂ) yvec (M) = Kypvee (A2\)) and
Dt Ky = Dif:

2 2

vech (yi+19111) = Dy vec [Z NeXy fRegn + 20X fugaforrn +2 Moty + g whyy
k=1 k=1

and

Ey {(UeCh Ye+1Yi41) (vech yerr y£+1)/}
— 2 ]
k21 (vecAgAy,) (vec)\k)\z,)/ f,?Hl + O+

= D} E, a%ta% [(vecA1\]) (vechaXy) + (vechaXy) (vechi X)) + 4 (vecAi Ny) (vechi Ny)'] + D

kzl ol [(vec)\k)\;) (vecQ) + (vecfd) (vecAr L) + 4 (veehyu) ) (vec)\kugﬂ)/}

As: E; [(veckkugﬂ) (vec)\kugﬂ)/] =F; [(Ut+1 ® Ak) (u;+1 ® )\;C)] =Q Q@ AL,

and as: Z Moz, = Ey (yt+1y£+1 — Q), we then get:

E; [(UeCh Yir1Yir1) (vech yiia Z/£+1)/]
I i
kz;l (veehp\y,) (vec/\kx\ﬁc)/ f,?Hl—i-

— DYE, 03,03, [(vecA1N)) (vechaXy)' + (vechaNs) (veeh AL) + 4 (vecA1 ) (veeh Xy)'] + D

(vee (Yir1yp41 — ) (vec) + (veeQ) (vee (Yeay)41 — Q))/ +
| 49 ® (yrr1yi — Q)+ 0O

Thus:

2
DYEy (¢ (yis1,Q)] DY = DY E, Z vechpAy) ( vec)\k)\z)/ fis1 +0t05,Wia — W | D}
k=1
(A.12)
where:
W = 2(vecQ) (vec) +4Q 2 Q — 6
Wi = (vec)\l)\ll) (vec)\g)\'Q)I + (vec)\g)\’z) (vec)q)\'l), +4 (vec)q/\’Q) (vec)q/\’Q)/
= (vecA\]) (vecAg)\’Q)/ + (vechoNy) (vec)\l)\’l)/ + 4225 @ A\ AL
For k =1, 2, we have: a,%t =1—+ fykaiﬂ + v, B v = 0,
so that:
2 2\ _ 2 2 2 2
Ei 1 (01,0%) = 7172011031 + (L =71) (L =72) + 72 (1 =) 051 + 71 (1 = 72) 0714
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and:
Ei [(1 —1172L) U%tggt] =(l-m) Q=)+ A=) o5 1 +m (1 —) ot (A.13)
Besides, we have, for k£ =1, 2:
Ei 1 [(1 = ckL) fipr] = Ee [an + befd] = ag + bropy_y (A.14)
Using (A.12), (A.13) and (A.14), we then deduce:
Dy Ers[(1 = e1L) (1 = eaL) (1 — 172L) 6 (yes1, )] DY

1 —coL) (1 —y172L) (veehi A)) (vec)\l)\’l)/ (a1 + 510%,5,1) +

(

_ DB, (1 —c1L) (1 — y172L) (vechaN) (vechas) (ag + baod, ) + D
(
(

1—aL)(1—=cL) [((1=m) (1 =2) + 72 (1 =m) 051 +m (1 —72) 0f, 1] Wiat
l—c1)(I—c2) (L —my) W

_DYE., (1—-1c1L) [(1 — y172L) (vech \}) (vec)\l)\'l)/ b1 + (1 —coL)y1 (1 —72) ng] o%t_l—i— D

(1 —coL) [(1 — m172L) (vechaNh) (vec)\g)\é)/ bo+(1—c1L)y2 (1 —m) ng] o3 1 +M

M = (1-c)(1—9y2) (vec)\l)\'l) (vec)\lx\ll)/al
+(1—c1)(1—m17) (vec)\g)\/Q) (vec)\gx\/z)/ as

+ (1 —ec1) (=) [(1 =) (1 —72) Wiz + (1 —y1v2) W].

Now: Et_g [(1 - ’ylL) O—%t—l] =1- Y1

and:

B o [(1 =mL) MMy, 1] = Epo[(1 —mL) [wy, — MNoti_1 — Q]

= B [(1—mL) [y — (X + Q)]

Using Wia = (vechi X)) (vechah) + (vechadh) (veehi N)) 4+ 4daXy @ A\ \;, we get:

Dy E-a[(1=mL)(1—al)(1—eal) (1 —mvL)¢ (Y, Q)] Dy
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n

= DIFE;_4

n

(1 =) (1= 1) [(1 = my2) (veehi X)) (veehiA}) by + (1 = e2) 71 (1 = 72) Wiz

+ (1 — C2L)

|+ =—m)M

|+ Mo

(1 =m72L) (1 = mL)vee (yeyy — (AX) + Q) (vechaXy) by
(veehi\y) (vee (yeyy — (M) +9)))
+(1—cal)v2 (I =) | + (vee(yeys — (AN, +Q))) (veech N

(1 —coL) (1 —yy2L) (1 — L) b (vecyry;) (vec)\g)\’Q)/ +

(I1=c2L) (1 —c1l)y2 (1 =)

4 (gt — (WX + Q) 8 AN,

(veeh L) (vecysf)’ + (vecyyt) (veeh AL +
dyryy @ M)

with Mjs a constant matrix.

In the same way:

Dy Ep-a[(1=7L) (1 —eal) (1 —caL) (1 = m72L) ¢ (yet1, )] D

=D} E;_4

(1-cL)(1

|+ Mo

(1—c1L) (1 —y1y2L) (1 — 2 L) by (vecyry;) (vec)q)\fl)/ +

(vechaNy) (veeysy))' + (veeysyl) (veckah) +
—cL)m (1 —72)
4XoXs ® Yy

with Ms; a constant matrix.

The first three conditional moment restrictions allow to identify the following parameters:

v1,v2, AN + Q and AR

The last two conditional moment restrictions allow to identify: ¢1,ca, 2, A1 A}, A2\ and then

by and bs.

Thus A; and A9 are identified up to a sign so that A is identified up to a sign change in its

columns. As previously, however: a1, as and © cannot be separately identified.
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