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Bootstrapping factor-augmented regression models”

Silvia Goncalves’, Benoit Perron?®

Résumé

Cet article propose et justifie théoriqguement des méthodes de bootstrap pour des régressions
ou certains régresseurs sont des facteurs estimés a partir de panel de données de grandes

dimensions. Nous obtenons nos résultats sous la condition que VT /N — ¢, o0 0 < ¢ < oo (N
et T sont les dimensions individuelle et temporelle du panel respectivement), ce qui permet a
I’erreur d’estimation des facteurs d’affecter la loi asymptotique de I’estimateur des moindres
carrés ordinaires (MCO). Nous considérons des méthodes de bootstrap basées sur les résidus
et donnons des conditions de haut niveau sur les résidus bootstrap et les erreurs
idiosyncrasiques telles que la loi bootstrap de I’estimateur des MCO est convergente. Par la
suite, nous Vérifions ces conditions pour un algorithme du wild bootstrap.

Nos résultats sont les suivants. Lorsque ¢ = 0, comme dans Bai et Ng (2006), la condition
essentielle pour la validité du bootstrap est la capacité de la régression bootstrap a reproduire
la dépendance temporelle des scores de la régression originale. La dépendance transversale
ou temporelle des erreurs idiosyncrasiques du modele a facteurs est négligeable
asymptotiquement puisque la loi asymptotique des MCO n’est pas affectée par ces
phénomeénes. Cependant, lorsque ¢ > 0, une procédure de bootstrap a deux étapes est
nécessaire pour capter I’incertitude reliée a I’estimation des facteurs qui apparait comme un
biais asymptotique (tel que discuté récemment par Ludvigson et Ng (2009b). Parce que ce
biais dépend de la dépendance transversale des erreurs idiosyncrasiques, la validité du
bootstrap dépend de sa capacité a reproduire cette dépendance.

Mots clés : Modéle a facteurs, bootstrap, biais asymptotique.
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1 Introduction

Factor-augmented regressions where some of the regressors, called factors, are estimated from a large
set of data are increasingly popular in empirical work. Inference in these models is complicated by
the fact that the regressors are estimated and thus measured with error. Recently, Bai and Ng (2006)
derived the asymptotic distribution of the OLS estimator in this case under a set of standard regularity
conditions. In particular, they show that the asymptotic distribution of the OLS estimator is unaffected
by the estimation of the factors when VT /N — 0, where N and T are the cross-sectional and the
time series dimensions, respectively. While their simulation study does not consider inference on the
coefficients themselves (they look at the conditional mean), they report noticeable size distortions in
some situations.

The main contribution of this paper is to propose and theoretically justify bootstrap methods for
inference in the context of the factor-augmented regression model. Shintani and Guo (2011) prove the
validity of the bootstrap to carry out inference on the persistence of factors, but not in the context of
factor-augmented regressions. Recent empirical applications of the bootstrap in this context include
Ludvigson and Ng (2007, 2009a,b) and Gospodinov and Ng (2011), where the bootstrap has been
used in the context of predictability tests based on factor-augmented regressions without theoretical
justification. Our main contribution is to establish the first order asymptotic validity of the bootstrap
for factor-augmented regression models under assumptions similar to those of Bai and Ng (2006) but
without the condition that v/T'/N — 0. Specifically, we assume that v/T'/N — ¢, where 0 < ¢ < o0,
thus allowing for the possibility that factor estimation error affects the limiting distribution of the
OLS estimator. As it turns out, when ¢ > 0, an asymptotic bias term appears in the distribution,
reflecting the contribution of factors estimation uncertainty. This bias problem was recently discussed
by Ludvigson and Ng (2009b), who proposed an analytical bias correction procedure. Instead, here
we focus on the bootstrap and provide a set of conditions under which it can reproduce the whole
limiting distribution of the OLS estimator, including the bias term.

The bootstrap method we propose is made up of two main steps. In a first step, we obtain a
bootstrap panel data set from which we estimate the bootstrap factors by principal components.
The bootstrap panel observations are generated by adding the estimated common components from
the original panel and bootstrap idiosyncratic residuals. In a second step, we generate a bootstrap
version of the response variable by again relying on a residual-based bootstrap where the bootstrap
observations of the dependent variable are obtained by summing the estimated regression mean and a
bootstrap regression residual. To mimic the fact that in the original regression model the true factors
are latent and need to be estimated, we regress the bootstrap response variable on the estimated
bootstrap factors. This produces a bootstrap OLS estimator whose bootstrap distribution can be used
to replicate the distribution of the OLS estimator.

We first provide a set of high level conditions on the bootstrap residuals and idiosyncratic errors



that allow us to characterize the limiting distribution of the bootstrap OLS estimator under the
assumption that \/T/N — ¢, where 0 < ¢ < 00. These high level conditions essentially require that
the bootstrap idiosyncratic errors be weakly dependent across individuals and over time and that the
bootstrap regression scores satisfy a central limit theorem. We then verify these high level conditions
for a residual-based wild bootstrap scheme, where the wild bootstrap is used to generate the bootstrap
idiosyncratic error term in the first step, and also in the second step when generating the regression
residuals. The two steps are performed independently of each other.

A crucial result in proving the first order asymptotic validity of the bootstrap in this context is the
consistency of the bootstrap principal component estimator. Given our residual-based bootstrap, the
“latent” factors underlying the bootstrap data generating process (DGP) are given by the estimated
factors. Nevertheless, these are not identified by the bootstrap principal component estimator due to
the well-known identification problem of factor models. By relying on results of Bai and Ng (2011) (see
also Stock and Watson (2002)), we show that the bootstrap estimated factors identify the estimated
factors up to a change of sign. Contrary to the rotation indeterminacy problem that affects the
principal component estimator, this sign indetermination is easily resolved in the bootstrap world,
where the bootstrap rotation matrix depends on bootstrap population values that are functions of the
original data. As a consequence, to bootstrap the distribution of OLS estimator, our proposal is to
rotate the bootstrap OLS estimator using the feasible bootstrap rotation matrix. This amounts to
sign-adjusting the bootstrap OLS regression estimates asymptotically.

Our results can be summarized as follows. When ¢ = 0, as in Bai and Ng (2006), the crucial
condition for bootstrap validity is the ability of the bootstrap regression scores to mimic the serial
dependence and heteroskedasticity of the original regression scores. For instance, a wild bootstrap
in the second-step of our residual-based bootstrap is appropriate if we assume the regression errors
to be a possibly heteroskedastic martingale difference sequence (as in Bai and Ng (2006)). Under a
more general dependence assumption, the wild bootstrap is not appropriate and we should instead
consider a block bootstrap. We do not pursue this possibility here but note that our bootstrap high
level conditions would be useful in establishing the validity of the block bootstrap in this context as
well. Mimicking the cross sectional and/or serial dependence of the idiosyncratic errors in the panel
factor model is asymptotically irrelevant when ¢ = 0 since the limiting distribution of the original OLS
estimator does not depend on these dependencies under this condition. Thus, a wild bootstrap in the
first step of the residual-based bootstrap is asymptotically valid under the general setup of Bai and
Ng (2006) that allows for weak time series and cross sectional dependence in the idiosyncratic error
term. In fact, a simple one-step residual-based bootstrap method that does not take into account the
factor estimation uncertainty in the bootstrap samples (i.e. a bootstrap method based only on the

second step of our proposed method) is asymptotically valid when ¢ = 0.! Instead, when ¢ > 0, a two-

"We do not consider this here because factor estimation uncertainty has an impact in finite samples. For instance,
Yamamoto (2011) compares bootstrap methods with and without factor estimation for the factor-augmented vector



step residual-based bootstrap is required to capture the asymptotic bias term that reflects the factors
estimation error. Because the bias depends on the cross sectional dependence of the idiosyncratic
error term, bootstrap validity depends crucially on the ability of the bootstrap panel factor model to
capture this cross sectional dependence. Since the wild bootstrap generates bootstrap idiosyncratic
errors that are heteroskedastic but independent along the time and cross sectional dimensions, this
method is consistent only under cross sectional independence of the idiosyncratic errors.

The rest of the paper is organized as follows. In Section 2, we first describe the setup and the
assumptions, and then derive the asymptotic theory of the OLS estimator when /T /N — c. In Section
3, we introduce the residual-based bootstrap method and characterize a set of conditions under which
the bootstrap distribution consistency follows. Section 4 proposes a wild bootstrap implementation of
the residual-based bootstrap and proves its consistency. Section 5 discusses the Monte Carlo results
and Section 6 concludes. Three mathematical appendices are included. Appendix A contains the
proofs of the results in Section 2, Appendix B the proofs of the results in Section 3, and Appendix C
the proofs of the results in Section 4.

A word on notation. As usual in the bootstrap literature, we use P* to denote the bootstrap
probability measure, conditional on a given sample. For any bootstrap statistic Tx,, we write
Txp = op= (1), in probability, or Tx, —P" 0, in probability, when for any § > 0, P* (|TXp| >9) =
op (1). We write T% = Op~ (1), in probability, when for all 6 > 0 there exists Ms < oo such that
my 700 P [P* (|T%p| > Ms) > 8] = 0. Finally, we write 5, —¢ D, in probability, if conditional on
a sample with probability that converges to one, T, weakly converges to the distribution D under
P* ie. E*(f (Tir)) = E(f (D)) for all bounded and uniformly continuous functions f.

2 Asymptotic theory when T /N — ¢, where 0 < ¢ < oo

We consider the following regression model
Yeoh = & Fy + Wy +epqn, t=1,...,T —h, (1)

where h > 0. The ¢ observed regressors are contained in W;. The r unobserved regressors F; are the

common factors in the following panel factor model,
Xit:)\gFt—Fez‘t, izl,...,N,tzl,...,T, (2)

where the r x 1 vector A; contains the factor loadings and e;; is an idiosyncratic error term. In matrix
form, we can write (2) as
X =FAN +e,

where X is a T x N matrix of stationary data, F' = (F,..., Fr) is T x r, r is the number of common

factors, A = (A,...,Ax) is N x r, and e is T x N.

autoregression (FAVAR) model and concludes that the latter is worse than the first in terms of finite sample accuracy.



The factor-augmented regression model described in (1) and (2) has recently attracted a lot of
attention in econometrics. One of the first papers to discuss this model in the forecasting context
was Stock and Watson (2002). Recent empirical applications include Ludvigson and Ng (2007) who
consider predictive regressions of excess stock returns and augment the usual set of predictors by
including estimated factors from a large panel of macro and financial variables, Ludvigson and Ng
(2009a,b) who consider this approach in the context of predictive regressions of bond excess returns,
Gospodinov and Ng (2011) who study predictive regressions for inflation using principal components
from a panel of commodity convenience yields, and Eichengreen, Mody, Nedeljkovic, and Sarno (2009)
who use common factors extracted from credit default swap (CDS) spreads during the recent financial
crisis to look at spillovers across banks.

Estimation proceeds in two steps. Given X, we estimate F' and A with the method of principal
components. In particular, F is estimated with the T x r matrix F = ( F, ... Fr )/ composed
of VT times the eigenvectors corresponding to the r largest eigenvalues of of X X’ /TN (arranged in
decreasing order), where the normalization # = I, is used. The matrix containing the estimated
bmmﬁmmmﬁz(xrnjﬁyzxi(ﬁﬁylzxﬁﬂi

In the second step, we run an OLS regression of 4,15 on 2 = ( F w )/, i.e. we compute

) 4 T—h “Lr-n
o= ( 5 ) = ( 2%2) Z ZtYt+hs (3)
=1

Wheregispx 1 with p=r+gq.
As is well known in this literature, the principal components F; can only consistently estimate a

transformation of the true factors Fi, given by HF;, where H is a rotation matrix defined as

:VAFTA%

H
T N’

(4)

where V is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
XX'/NT, in decreasing order.
One important implication is that ) consistently estimates § = ( oH 1 g )/ , and not ( o )I.
In particular, given (1), adding and subtracting appropriately yields
Yron = (/HT f )< 5}; ) +o'H! (HFt - Ft) + Et4h,
=5 ~
or, equivalently,

Yoon = %40+ o/ B (HF, = Fy) + v, (5)

where the second term represents the contribution from estimating the factors.
Recently, Bai and Ng (2006) derived the asymptotic distribution of /T (3 — 6) under a set of
regularity conditions and the assumption that /7T /N — 0. Our goal in this section is to derive the



limiting distribution of § under the assumption that /7T’ /N — ¢, where ¢ is not necessarily zero. We
use the following assumptions, which are similar to Bai’s (2003) assumptions and slightly weaker than

the Bai and Ng (2006) assumptions. We let z = ( F} W/ )/, where z; is p x 1, with p =1+ q.
Assumption 1 - Factors and factor loadings
(a) E|F|*< M and * Z?:l F,F] —F ¥ > 0, where Y is a non-random 7 x 7 matrix.

(b) The loadings \; are either deterministic such that ||A;|| < M, or stochastic such that E || X;]|* < M.

In either case, A’/A/N —¥ ¥4 > 0, where ¥, is a non-random matrix.
(c) The eigenvalues of the r x r matrix (XX ) are distinct.
Assumption 2 - Time and cross section dependence and heteroskedasticity
(a) E(eir) =0, Eley|® < M.

(b) E(eitejs) = Tijts, |0ijas| < 745 for all (¢, s) and |o45s| < 74 for all (4, 5) such that% Zgjzl gij <
T
M, % Zt75:1 Tts < M, and ﬁ Zt,s,i,j |Uij,ts| < M.

4
(c) For every (t,s), E ‘N‘l/Q Zf\il (eireis — E (e€5))| < M.

Assumption 3 - Moments and weak dependence among {z:}, {\;} and {e;}.

2
(2) £ <1{f ZZ]L Hﬁ Zthl Fiey > < M, where E (Fie;r) = 0 for all (3,1).
2
(b) For each t, E Hﬁ Zstl Zfil zs (eireis — E(eiteis))H < M, where z; = ( F W! )’.
2
(c) E Hﬁ Zthl ztegAH < M, where E (z;\je;1) = 0 for all (i,1).

(d) E <% Zthl H\/% foil Ai€it

2
> < M, where E (\je;t) = 0 for all (i,¢).

(e) As N,T — oo, ﬁ Zthl Zf\il Zj\[:l )\i)\;eitejt —T =70, where T’ = Imy 700 % Zthl Iy >0,
and I'y = Var <ﬁ Zf\il )\ieit) .

Assumption 4 - weak dependence between idiosyncratic errors and regression errors
2
(a) Foreachtand h >0, E ‘ﬁ ZZ:_{L le\il esih (€ireis — E (eieis))| < M.
1 ~T—h =N 2 ,
(b) E HW SIS )\ieitEHhH < M, where E (Aieiern) = 0 for all (i,1).
Assumption 5 - moments and CLT for the score vector
(a) E(g41p) =0 and E|epqn|> < M.

(b) Ez|* <M and £, 2z —F ¥.. > 0.



2
(c) As T — oo, % ST zierin =4 N (0,9), where E Hﬁ STl ztEtJth < M, and
Q= limr_o Var <ﬁ Z’f:_lh zt€t+h> > 0.

Assumption 1(a) imposes the assumption that factors are non-degenerate. Assumption 1(b) ensures
that each factor contributes non-trivially to the variance of X4, i.e. the factors are pervasive and affect
all cross sectional units. These assumptions ensure that there are r identifiable factors in the model.
Recently, Onatski (2011) considers a class of “weak” factor models, where the factor loadings are
modeled as local to zero. Under this assumption, the estimated factors are no longer consistent for
the unobserved (rotated) factors. In this paper, we do not consider this possibility. Assumption 1(c)
ensures that Q = plim <F’ F/T) is unique. Without this assumption, ) is only determined up to
orthogonal transformations. See Bai (2003, proof of his Proposition 1).

Assumption 2 imposes weak cross-sectional and serial dependence conditions in the idiosyncratic
error term e;. In particular, we allow for the possibility that e;; is dependent across individual units
and over time, but we require that the degree of dependence decreases as the time and the cross
sectional distance (regardless of how it is defined) between observations increases. This assumption is
compatible with the approximate factor model of Chamberlain and Rothschild (1983) and Connor and
Korajczyk (1986, 1993), in which cross section units are weakly correlated. Assumption 2 allows for
heteroskedasticity in both dimensions and requires the idiosyncratic error term to have finite eighth
moments.

Assumption 3 restricts the degree of dependence among the vector of regressors {z;}, the factor
loadings {\;} and the idiosyncratic error terms {e;}. If we assume that {z;}, {\;} and {e;} are
mutually independent (as in Bai and Ng (2006)), then Assumptions 3(a), 3(c) with z; = F; and 3(d)
are implied by Assumptions 1 and 2. Similarly, Assumption 3(b) holds if we assume that {z;} and
{e;1} are independent and the following weak dependence condition on {e;} holds

1
NT?2 Z Z |Cov (eiteis,ejzeju)! < A < o0. (6)

t,s,l,u 1,9

Bai (2009) relies on a similar condition (part 1 of his Assumption C.4) to establish the asymptotic
properties of the interactive effects estimator. As he explains, this condition is slightly stronger than

2
the assumption that the second moment of N ~1/2 sz\il n; is bounded, where n, = (T_1/2 Zle eit) —

E (T*1/2 Ethl eit)2 (note that Var (N*1/2 Ef\;l m) equals the left hand side of the above inequality
without the absolute value). It holds if e; is i.i.d. over i and t and F (e};) < M. Assumptions 3(a)-3(c)
are equivalent to Assumptions D, F1 and F2 of Bai (2003) when z; = F;.

To describe Assumption 3(e), for each ¢, let

N
1
oy = —\/N E Aieit, and Ty = Var (¢,) = F (qﬁtqb;) ,
i=1

since we assume that E (A;e;;) = 0 for all (4,t). Assumption 3(e) requires that = Zthl (0,0, — E (¢,0)]



converges in probability to zero. This follows under weak dependence conditions on {\;e;¢} over (i,t).
I'; is related to the asymptotic variance of v N <F’t - H Ft>, as shown by Bai (2003, cf. Theorem 1).

Assumption 4 imposes weak dependence between the idiosyncratic errors and the regression errors.
Part (a) holds if {e;;} is independent of {¢;} and the weak dependence condition (6) holds. Similarly,
part (b) holds if {\;},{eis} and {e¢} are three mutually independent groups of random variables and
Assumption 2 holds.

Assumption 5 imposes moment conditions on {e;15}, on {2z} and on the score vector {zie¢1p}.
Part b) requires {z;2;} to satisfy a law of large numbers. Part c) requires the score to satisfy a
central limit theorem, where 2 denotes the limiting variance of the scaled average of the scores. The
dependence structure of the scores {ziey15} dictates the form of the covariance matrix estimator
to be used for inference on §. For instance, Bai and Ng (2006) impose the assumption that ;.
is a martingale difference sequence with respect to {z, v, 2t—1,%t—1,...} when h > 0. Under this
assumption, 2 = lim% ZtT:_lh E (ztzéef +h), and the appropriate covariance matrix estimator is an
heteroskedasticity robust variance estimator. As we will see later, the form of 2 will also dictate the
type of bootstrap we should use. In particular, under the martingale difference sequence on g44p, a
wild bootstrap method will be appropriate. Section 4 will consider this specific bootstrap scheme.

Given Assumptions 1-5, we can state our main result as follows. We introduce the following

notation:

nl}

F'F
Hy = plimH =V1Q%,, szlim< =

) , V=plimV, and
oy = diag (Ho, 1) .
Additionally, we let Xy p = E (Wi F)).
Theorem 2.1 Let Assumptions 1-5 hold. If \/T/N — ¢, with 0 < ¢ < o0, then
VT (3 — 5) —4 N (—cAs, 55)

where S5 = (®) "' L1100, and

A, 1 DAt VERVL _ .
Aé = < AB > - (@Ozzchg) ! < ZFI;I/I}VE;V_I > (HO 1),a, with
Spo= v re)v,

. (W'F
Ywip = plim ( 7 ) = SwrH).
If YXwr =0, the asymptotic bias is equal to

engm e v ) ),

Theorem 2.1 gives the asymptotic distribution of /T <3 — 5) under the condition that VT /N — ¢,
where 0 < ¢ < 00. When ¢ = 0, we obtain the same limiting distribution as in Bai and Ng (2006)



under a set of assumptions that is weaker than theirs, as we discussed above. As in Bai and Ng (2006),
factors estimation error does not contribute to the asymptotic distribution when ¢ = 0. This is no
longer the case when ¢ > 0. Under this alternative condition, an asymptotic bias appears, as was
recently discussed by Ludvigson and Ng (2009b) in the context of a simpler regression model without
observed regressors W;. Our Theorem 2.1 complements their results by providing an expression of the
bias for & when the factor-augmented regression model includes also observed regressors in addition
to the unobserved factors F;.

Several remarks follow. First, the expression for A is proportional to (HO_ l)/ a = plim &, implying
that when « = 0, no asymptotic bias exists independently of the value of ¢. Second, the asymptotic
bias for both & and B is a function of

1 L
SH=VIlQrQvTt = N,ITHEOO T ; Vor,Q'v1,
where V1QTQ'V~" is the asymptotic variance of v N (Ft = HFt> (see Bai (2003)). Thus, the bias
depends on the sampling variance-covariance matrix of the estimation error incurred by the principal
components estimator F, averaged over time. This variance matrix depends on the cross sectional
dependence of {e;;} via I'y = Var (\/iﬁ Zf\i 1 )\iei). As we will see next, the main implication for the
validity of the bootstrap is that it needs to reproduce this cross sectional dependence when ¢ # 0
but not otherwise. Third, the existence of measurement error in F, contaminates the estimators of
the remaining parameters (3, i.e. B is asymptotically biased due to the measurement error in Fy. The
asymptotic bias associated with B will be zero only in the special case when the observed regressors

and the factors are not correlated (i.e. Xy r = 0) (or when o = 0).

3 A general residual-based bootstrap

The main contribution of this section is to propose a general residual-based bootstrap method and
discuss its consistency for factor-augmented regression models under a set of sufficient high-level condi-
tions on the bootstrap residuals. These high level conditions can be verified for any bootstrap scheme
that resamples residuals. We verify these conditions for a two-step wild bootstrap scheme in Section
4.

3.1 Bootstrap data generating process and estimation
Let {e;k = (€ef4,. .. 767\%),} denote a bootstrap sample from {ét = X; — /NXFt} and {EZ‘HL} a bootstrap

sample from {5t+h = Yrth — & F, — B/Wt}. We consider the following bootstrap DGP:

vin = &F+BWiter,, t=1,...,T—h, (7)
X = AF,+e, t=1,...,T. (8)



Estimation proceeds in two stages. First, we estimate the factors by the method of principal
components using the bootstrap panel data set {X;}. Second, we run a regression of y; ", on the
bootstrap estimated factors and on the fixed observed regressors W;.

More specifically, given { X/}, we estimate the bootstrap factor loadings and the bootstrap factors
by minimizing the bootstrap objective function

VR = 2SS (- )
TN t=1 i=1 t
subject to the normalization constraint that F'F/T = I,. The T X r matrix containing the estimated
bootstrap factors is denoted by F* = (Fl*, . ,F})/ and it is equal to the r eigenvectors of X*X*' /NT
(multiplied by \/T) corresponding to the r largest eigenvalues. The N xr matrix of estimated bootstrap
loadings is given by A* = (5\:, ey X})l = X¥F*T.

Given the estimated bootstrap factors Ft*, the second estimation stage is to regress y;,, on
Z = ( Ft*’ w) ),. Because the bootstrap scheme used to generate y;, , is residual-based, we fix
the observed regressors W; in the bootstrap regression. We replace F; with Ft* to mimic the fact that

in the original regression model the factors F} are latent and need to be estimated with F}. This yields

the bootstrap OLS estimator

| T=h -1 | T=h
S (T 5:£f’> T Zzt*y;fk—f—h' (9)

t=1 t=1
5" is the bootstrap analogue of 5 , the OLS estimator based on the original sample.
3.2 Bootstrap high level conditions

In this section, we provide a set of high level conditions on {e},} and {52‘ +h} that will allow us to

characterize the bootstrap distribution of 5.

Condition A* (weak time series and cross section dependence in €},)
(a) E*(ef,) =0 for all (i,t).

(b) %thl 25:1 |’73t|2 = Op (1), where v5, = E (% Zz’:l eiteis) .

2
(©) 72 LIt Iy B | e T (el — B* (5er,))| = 0p (1),

Condition B* (weak dependence among Z;, \;, and ey )
() 7 Y1 Yoy FoFjyi = Op (1).

~ % % 2 N ~ /
() F 11 B || A S S A (el — B ()| = Op (1), where 2 = (FL W, ).

(c) E*

FZt 121 lztzzt :Op(l)

10



2

(d) 73X B || Xl e = 0p (1)
(e) %Z?:l (;%) (%&) — I = op« (1), in probability, where I'* = % 3;1 Var* (ﬁ]\’@f) > 0.

Condition C* (weak dependence between ¢}, and ¢} ;)

2
T T—h ~N - x
(a) 72 E” \/;TNZszl Dim1 Eapn (€€l — E (eftefs))‘ =0p(1).

~ 2
(b) B || A< ST SN Niete; +hH — Op (1), where E (e}er,,,) = 0 for all (i, 1).

(c) % tT:_lh ZST:1 Fsz—:;;rhy:t = Op-+ (1), in probability.

Condition D* (bootstrap CLT)

(2) B* (sfyn) = 0 and £ 05" B [ef ] = Op (1),

(b) Q12 S s, =% N (0,1,), in probability, where E*
O =Var* (% ZtT:_lh 2t€2‘+h) > 0.

2
T—h 5 «
% Yo 2t5t+hH =Op (1), and

Conditions A*-D* are the bootstrap analogue of Assumptions 1 through 5. However, contrary
to Assumptions 1-5, which pertain to the data generating process and cannot be verified in practice,
Conditions A*-D* can be verified for any particular bootstrap algorithm used to generate the bootstrap
residuals and idiosyncratic error terms. More importantly, we can devise bootstrap schemes to verify
these conditions and hence ensure bootstrap validity. For instance, part (a) of Condition A* requires
the bootstrap mean of e, to be zero for all (i, t) whereas part (a) of Condition D* requires that the same
is true for ;. The practical implication is that we should make sure to construct bootstrap residuals
with mean zero, e.g. to recenter residuals before applying a nonparametric bootstrap method. Parts
b) and c¢) of Condition A* impose weak dependence conditions on {e},} over (i,t). For instance, these
conditions are satisfied if we resample {e},} in an i.i.d. fashion over the two indices (i,t). Condition
B* imposes further restrictions on the dependence among Z;, \; and the idiosyncratic errors e},. Since
% and ); are fixed in the bootstrap world, Condition B* is implied by appropriately restricting the
dependence of e}, over (i,t). Similarly, Condition C* restricts the amount of dependence between
{er,}and {e},,}. If these two sets of bootstrap innovations are independent of one another, then
weak dependence on {e,} suffices for Condition C* to hold. Finally, Condition D* requires the

bootstrap regression scores Zie;, , to obey a central limit theorem in the bootstrap world.

3.3 Bootstrap results

Under Conditions A*-D*, we can show the consistency of the bootstrap principal component estimator
F* for a rotated version of the true “latent” bootstrap factors F, a crucial result in proving the first

order asymptotic validity of the bootstrap in this context.
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More specifically, according to (7)-(8), the common factors underlying the bootstrap panel data
{X;} are given by F} (with A as factor loadings). Nevertheless, just as F} estimates a rotation of F},
the estimated bootstrap factors ﬁ't* estimate H*F}, where H* is the bootstrap analogue of the rotation
matrix H defined in (4), i.e.

YU

T N’
where V* is the r x r diagonal matrix containing on the main diagonal the r largest eigenvalues of
X*X*/NT, in decreasing order.

(10)

Lemma 3.1 Assume Assumptions 1-5 hold and suppose we generate bootstrap data {yf+h,X,§"} ac-
cording to the residual-based bootstrap DGP (7) and (8) by relying on bootstrap residuals {e},,,} and
{e}} such that Conditions A*-D* are satisfied. Then, as N,T — oo,

T
1 2 _
72 |[F = A = 0p (53).
t=1
in probability, where § y7 = min (\/ N, \/T) .

According to Lemma 3.1, the time average of the squared deviations between the estimated boot-
strap factors Ft* and a rotation of the “latent” bootstrap factors given by H*F; vanishes in probability
under the bootstrap measure P* as N,T — o0, conditional on a sample which lies in a set with
probability converging to one. Contrary to H, H* does not depend on population values and can
be computed for any bootstrap sample, given the original sample. Hence, rotation indeterminacy is
not a problem in the bootstrap world. Because the bootstrap factor DGP (8) satisfies the constraints
that F'F /T = I, and A'A is a diagonal matrix, we can actually show that H* is asymptotically (as
N,T — o) equal to Hj = diag (£1), a diagonal matrix with diagonal elements equal to 1, where the
sign of is determined by the sign of F*'F /T (see Lemma B.1; the proof follows by arguments similar
to those used in Bai and Ng (2011) and Stock and Watson (2002)). Thus, the bootstrap factors are
identified up to a change of sign.

The main implication from Lemma 3.1 is that the bootstrap OLS estimator that one obtains from
)/ = &*'~15, where
¢* = diag (H*,1;). Asymptotically, 6 is equal to @8’*15, where ®* = diag (H{,1,), which can be
interpreted as a sign-adjusted version of 5.

Our next result characterizes the asymptotic bootstrap distribution of v/T' (3* — 6*) when T /N —

regressing y;, , on z; estimates a rotated version of 5, given by 0* = ( o H* 1 B’

¢, with 0 < ¢ < co. We add the two following conditions.
Condition E*. plim Q* = &,Qdj,.

Condition F*. plimI'™ = QI'Q’.

12



Q) is the bootstrap variance of the scaled average of the bootstrap regression scores Zief,, (as
defined in Condition D*(b)). Since F; estimates a rotated version of the latent factors given by
HyF;, Z; estimates a rotated version of z; given by ®gz;, and therefore Q* is the sample analog of
PoQ2P(, provided we choose & ,;, to mimic the time series dependence of ;1. Condition E* imposes
formally this condition. Similarly, by Condition B*(e), I'* = % ;le Var* (\/% Zf\i 1 5\1‘62})- Because
Ai estimates Q\;, I'* is the sample analogue of QI'Q’ if we choose e}, to mimic the cross sectional
dependence of e;; (interestingly enough, mimicking the time series dependence of e;; is not relevant).

Condition F* formalizes this requirement.

Theorem 3.1 Let Assumptions 1-5 hold and consider any residual-based bootstrap scheme for which
Conditions A*-D* are verified. Suppose VT/N — ¢, where 0 < ¢ < oo. If in addition the two
following conditions hold: (1) Condition E* is verified, and (2) ¢ = 0 or Condition F'* is verified; then

as N, T — o0,
VT (5= 57) =0 N (e (@F) " g, (25) 7 25057,

in probability, where 6* = (@3_1)/3, with ®§ = plim ®* = diag (H, 1) a diagonal matriz with £1 in

the main diagonal, and As and X5 are as defined in Theorem 2.1.

According to Theorem 3.1, T <5* — (5*) is asymptotically distributed as a normal random vector
with mean equal to —c¢ (@8’)71 As. Just as the asymptotic bias of /T (éz — (Hil)/ a) is proportional to
(H _1)/ «, the bootstrap asymptotic bias is proportional to (H o 71), &. Since & converges in probability
to (H‘l)/ «, the bootstrap bias of &* converges to —c (Ha"f1 A, provided we ensure that Condition F*

W'E
T

is satisfied. The bootstrap bias of B* depends both on the bootstrap analogue of X, 7 = plim
YwrH{ and on (Ha‘_l)ld. Since the bootstrap analogue of ¥y, 5 is plim %ﬁ*, which converges to
Y iHy', the rotation matrix Hg' “cancels out” with (Hgfl)/d, leaving the bootstrap bias of 3
unaffected by the sign problem that arises for &* (Lemma B.4 formalizes this argument). Similarly,
the asymptotic variance-covariance matrix of 5" s equal to (®¢’ )_1 25¢3_1 provided we choose ¢},
so as to verify Condition E*.

For bootstrap consistency, we need the bootstrap bias and variance to match the bias and variance
of the limiting distribution of the original OLS estimator. Since H{ (hence ®{) is not necessarily
equal to the identity matrix, Theorem 3.1 shows that this is not the case. Hence, the bootstrap
distribution of /T (5* — 5*) is not a consistent estimator of the sampling distribution of VT (3 — 5)
in general. This is true even if we choose ¢;;, and e}; so that Conditions E* and F* are satisfied. The
reason is that the bootstrap factors are not identified. In particular, because the bootstrap principal
components estimator does not necessarily identify the sign of the bootstrap factors, the mean of each
element of VT (3* — 5*) corresponding to the coefficients associated with the latent factors may have
the “wrong” sign even asymptotically. The same “sign” problem will affect the off-diagonal elements

of the bootstrap covariance matrix asymptotically (although not the main diagonal elements). As we
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mentioned above, the coefficients associated with Wy are correctly identified in the bootstrap world as
well as in the original sample and therefore this sign problem does not affect these coefficients.

In order to obtain a consistent estimator of the distribution of /T (5 - 5), our proposal is to

consider the bootstrap distribution of the rotated version of v/T (3* - 5*) given by T (®*&* — @&).
This rotation is feasible because ®* does not depend on any population quantities and can be computed
for any bootstrap and original samples. Since ®* is asymptotically equal to ®§ = diag (£1,1;) =
diag (sz’gn (F W ) ,Iq), d*5" is asymptotically equal to a sign-adjusted version of 5". The following

result is an immediate corollary to Theorems 2.1 and 3.1.

Corollary 3.1 Under the conditions of Theorem 3.1, if \/T/N — ¢, where 0 < ¢ < o0, as N, T — o0,
P (VT (@5" ~5) <) - P (VT (5-9) Sx)‘ P,

then sup,crp

Corollary 3.1 justifies the use of a residual-based bootstrap method for constructing bootstrap
percentile confidence intervals for the elements of . When ¢ = 0, the crucial condition for bootstrap
validity is Condition E*, which requires {€} to be chosen so as to mimic the dependence structure
of the scores zie¢4p. This condition ensures that the bootstrap variance-covariance matrix of *5"
is correct asymptotically. When ¢ # 0, Condition F* is also crucial to ensure that the bootstrap
distribution correctly captures the bias. When both Conditions E* and F* are satisfied, the bootstrap
contains a built-in bias correction term that is absent in the Bai and Ng (2006) asymptotic normal
distribution, and we might expect it to outperform the normal approximation. A bootstrap method
that does not involve factor estimation in the bootstrap world will not contain this bias correction and

will not be valid in this context.

4 Wild bootstrap

In this section we propose a particular bootstrap method for generating {52‘ +h} and {e},} and show

its first-order asymptotic validity under a set of primitive conditions.
Bootstrap algorithm

1. Fort=1,...,T, let
XZ( = Apt + 6:,
where {ef = (e];,...,ex;)} is such that
€it = €itTit>

is a resampled version of {éit = X — 5\;}7}} obtained with the wild bootstrap. The external

random variables 7;, are i.i.d. across (i,t) and have mean zero and variance one.

2. Estimate the bootstrap factors F* and the bootstrap loadings A* using X*.
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3. Fort=1,...,T —h, let
N ~! *
Yirn = &' Fy 4 B Wi + €14y,

where the error term €7, is a wild bootstrap resampled version of &;.p, i.e.
* _ A
€tin = Et+hVt+h,
where the external random variable vy, is i.i.d. (0, 1) and is independent of 7;,.

4. Regress y;,;, generated in 3. on the estimated bootstrap factors and the fixed regressors z; =

~ /
(Ft*’, Wt’) . This yields the bootstrap OLS estimators
T—h “lp_p
Ak
P (Sas) Taie
t=1 t=1

To prove the validity of this residual-based wild bootstrap, we add the following assumptions.

Assumption 6. )\; are either deterministic such that [|[)\;]] < M < oo, or stochastic such that
E|N|"? < M < oo for all i; E||F|"* < M < oo; Eleg|” < M < oo, for all (i,t); and
for some ¢ > 1, E \5t+h\4q < M < oo, for all ¢, h.

Assumption 7. E (eryp|ye, Fryyt—1, Fi—1,...) = 0 for any h > 0, and F}; and &; are independent of

the idiosyncratic errors e;s for all (i, s, t).
Assumption 8. E (ejejs) = 0if i # j.

Assumption 6 strengthens the moment conditions assumed in Assumption 1.b), 2.a), and 5.a),
respectively. The moment conditions on \;, F} and e;; suffice to show that E ‘)\ngeitrl < M (while
maintaining that FE |ey|® < M). If we assume that the three groups of random variables {F;}, {e;}
and {)\;} are mutually independent (as in Bai and Ng (2006)), then it suffices that E || \]|* < M < oo,
E|F|* <M < oo (and E |ex|® < M).

Assumption 7 was used by Bai and Ng (2006). It imposes a martingale difference condition on the
regression errors €15, implying that these are serially uncorrelated but possibly heteroskedastic. In

addition, e; is independent of e;s for all (7,¢,s). Under Assumption 7,
Q=1lmV Ly~ li 1T_hE le2
= lim Var (\/T tzl zt5t+h> = lim tzl (tht5t+h) ,
which motivates using a wild bootstrap to generate ¢;, . For this bootstrap scheme,
1 T—h
@ =33 wi

which corresponds to the estimator used by Bai and Ng (2006) (cf. their equation (3)) and is consis-

tent for ®oQP; under Assumptions 1-7. We assume independence between e;; and e;1p and generate
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€;,p independently of e}, but we conjecture that our results will be valid under weak forms of corre-
lation between the two sets of errors because the limiting distribution of the OLS estimator remains
unchanged under Assumptions 1-5, which allow for dependence between e;; and €;5, as we proved in
Theorem 2.1.

Assumption 8 assumes cross section independence in {e;}, but allows for serial correlation and
heteroskedasticity in both directions. This assumption motivates the use of a wild bootstrap to

generate {e},}. For this bootstrap scheme, we can show that
T N T
R R L A
D=2 D Ahéi =5 T,
t=1"" i=1 t=1

where T; corresponds to estimator (5a) in Bai and Ng (2006, p. 1140). As shown by Bai and Ng, this
estimator is consistent for QI'Q’ under cross section independence (and potential heteroskedasticity).
Assumption 8 assumes this is the case and thus justifies Condition F* in this context. As we discussed
in the previous section, Condition F* is not needed if ¢ = 0. Thus, a wild bootstrap is still asymp-
totically valid if the idiosyncratic errors are cross sectionally (and serially) dependent when \/T/N
converges to zero (as assumed in Bai and Ng (2006)).

Our main result is as follows.

Theorem 4.1 Suppose that a residual-based wild bootstrap is used to generate {e},} and {Ef +h} with
E*ny|* < C for all (i,t) and E*|viin|* < C for all t, for some q¢ > 1. Under Assumptions 1-7, if
\/T/N — ¢, where 0 < ¢ < 00, and either Assumption 8 holds or ¢ = 0, the conclusions of Corollary
3.1 follow.

5 Monte Carlo results

In this section, we report results from a simulation experiment that documents the properties of our
bootstrap procedure in factor-augmented regressions.
The data-generating process (DGP) is similar to the one used in Ludvigson and Ng (2009b) to

analyze bias. We consider the single factor model:
Yo = oy + &y, (11)

where F} is drawn from a standard normal distribution independently over time. The regression error
e will either be standard normal or heteroskedastic over time. The (7" x N) matrix of panel variables

is generated as:
Xit = NiFy + eit, (12)

where \; is drawn from a U [0, 1] distribution (independent across i) and the properties of e;; will be
discussed below. The only difference with Ludvigson and Ng (2009b) is that they draw the loadings

from a standard normal distribution. The use of a uniform distribution increases the cross-correlations
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and leads to larger biases without having to set the idiosyncratic variance to large values (they set
it to 16 in one experiment). Note that this DGP satisfies the conditions PC1 in Bai and Ng (2011)
which implies that Hy = £1.

We consider two values for the coefficient, either @« = 0 or 1. We consider six different scenarios
outlined in the table below. When a = 0, the OLS estimator is unbiased, and the properties of the
idiosyncratic components do not matter asymptotically. This leads us to consider only one scenario
with a = 0. The other five scenarios have e = 1 but differ according to the properties of the regression

error, ¢, and of the idiosyncratic error, e;.

DGP a gy €it
1 (homo-homo) 0 N (0,1) N (0,1)
2 (homo-homo) 1 N (0,1) N (0,1)
F?
3 (hetero-homo) 1 N (0,4 ) N(0,1)
F?
4 (hetero-hetero) 1 N (0,%-) N (0,0?)
5 (hetero-AR) 1 N (0,%) AR+ N (0,02)
6 (hetero-CS) 1 N {0, 1; CS+ N(0,1)

DGP 1 is the simplest case with o = 0 and both error terms i.i.d. standard normal in both
dimensions. DGP 2 is the same but with o = 1. This will allow us to isolate the effect of a non-
zero coefficient on bias and inference while keeping everything else the same. The third experiment
introduces conditional heteroskedasticity in the regression error. We do so by making the variance of
¢+ depend on the factor and scale so that the asymptotic variance of &, ¥4, is 1 in all experiments.

The fourth DGP adds heteroskedasticity to the idiosyncratic error. The variance of e; is drawn
from U [.5,1.5] so that the average variance is the same as the homoskedastic case. The fifth DGP
introduces serial correlation in the idiosyncratic error term with autoregressive parameter equal to 0.5.
The innovations are scaled by (1 — .52)1/ % to preserve the variance of the idiosyncratic errors. Finally,
the last experiment introduces cross-sectional dependence among idiosyncratic errors. The design is
similar to the one in Bai and Ng (2006): the correlation between e;; and ej; is 0.5 71 if |i — j] < 5.

We concentrate on inference about the parameter « in (11) . We consider asymptotic and bootstrap
symmetric percentile t confidence intervals at a nominal level of 95%. We report experiments based
on 1000 replications with B = 399 bootstrap repetitions. We consider three values for N (50, 100,
and 200) and 7" (50, 100, and 200).

We tailor our inference procedures to the properties of the error terms. In other words, when &; is

homoskedastic (DGP 1 and 2), we use the variance estimator under homoskedasticity:

A L Tk -1
Ss = 62 (T > FE) (13)

t=1
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whereas we use the heteroskedastic-robust version for DGPs 3-6:
A L Tk -1 L Tk L Tk -1
2o = (T Z Ft2> (T Z Ft2é§+h> (T Z Ft2> . (14)
t=1 t=1 t=1

Similarly, we use the homoskedastic estimator of I' for cases 1-3, the heteroskedasticity-robust
estimator for cases 4-5, and the CS-HAC estimator of Bai and Ng (2006) in case 6 with the window
size n equal to min (\/N NT ) We consider the wild residual-based bootstrap described in Section 4
with the two external variables 7, and v; both drawn from i.i.d. N (0,1).

We report two sets of results. The first set of results is the bias of the OLS estimator. Because
the OLS estimator does not converge to a but to H "« (and H converges to +1 or -1) and because
its bias is proportional to this, the bias will be positive for some replications and negative for others.
Reporting the average bias over replications is therefore misleading in this situation. To circumvent
this, we report the bias of the rotated OLS coefficient, H'&. This rotated coefficient converges to « in
all replications. Note that this rotation is not possible in the real world since the matrix H depends
on population parameters. Note also that this rotation is possible in the bootstrap world (and indeed
necessary to obtain consistent inference of the entire coefficient vector, see Corollary 3.1). For the
bootstrap world, we report the average of H' H¥&* — H'é, again to ensure that the sign of this bias
is always the same. Secondly, we present coverage rates of the associated confidence intervals. For
comparison, we also include results for the case where factors do not need to be estimated and are
treated as observed (row labeled "true factor" in the tables). This quantifies the loss from having to
estimate the factors.

Table 1 provides results for the first two DGPs and illustrates our results. For each DGP, the top
panel gives the bias associated with the OLS estimator as well as the plug-in and bootstrap estimates.
The second panel for each design provides the coverage rate of intervals based on asymptotic theory,
either using the OLS estimator or its bias-corrected version, based on OLS using true factors, and
based on the wild bootstrap. From table 1, we see that, as expected, bias is nil when oo = 0 (case 1).
When «a # 0, a negative bias appears. DGP 2 shows that the magnitude of this bias is decreasing in
N (and T'). The sample estimate of this quantity provides a reasonable approximation to it. However,
the bootstrap captures the behavior of the bias well as predicted by theory and better than the sample
estimate.

Coverage rates are consistent with these findings. When a = 0 (DGP 1), asymptotic theory is
nearly perfect and matches closely the results based on the observed factors. In case 2, with a = 1,
OLS inference suffers from noticeable distortions for all sample sizes. This is because the estimator
is biased and the associated t-statistic is not centered at 0. Analytical bias correction corrects most
of these distortions. The bootstrap provides even better inference and is quite accurate for N > 100.
This loss in accuracy in inference is due to the estimation of the factors as illustrated by the results

with the true factors.
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Tables 2 and 3 provide results for the other DGPs and show the robustness of the results to the
presence of heteroskedasticity in both errors (DGPs 3 and 4), and serial correlation in the idiosyncratic
errors (DGP 5). The bias results in table 2 are very similar to those in table 1, although coverage
rates reported in table 3 deteriorate relative to the simpler homoskedastic case. The presence of cross-
sectional dependence (DGP 6) is interesting. Firstly the bias is larger here (because I' also includes
cross-product terms). Secondly, the wild bootstrap is theoretically not valid since it does not replicate
the cross-sectional dependence. Indeed, we see that, contrary to the other cases, the sample estimate

of the bias is often better than the bootstrap, especially with N = 50.

6 Conclusion

The main contribution of this paper is to give a set of sufficient high-level conditions under which
any residual-based bootstrap method is valid in the context of the factor-augmented regression model
in cases where /T /N — ¢, 0 < ¢ < co. Our results show that two crucial conditions for bootstrap
validity in this context are that the bootstrap regression scores replicate the time series dependence
of the true regression scores, and that either ¢ = 0 or the bootstrap replicates also the cross-sectional
dependence of the idiosyncratic error terms.

Our high-level conditions can be checked for any implementation of the bootstrap in this context.
We verify them for a particular scheme based on a two-step application of the wild bootstrap. Al-
though the wild bootstrap preserves heteroskedasticity, its validity depends on a martingale difference
condition on the regression errors and on cross-sectional independence of the idiosyncratic errors when
c#0.

The martingale difference condition on the regression errors was used in Bai and Ng (2006), but it
is overly restrictive when the forecasting horizon h is larger than one. Thus, relaxing this assumption
is important. Although our general results in Sections 2 and 3 allow for serial correlation in the scores
(see in particular our Assumption 5(b)), the particular implementation of the two-step residual-based
wild bootstrap we consider in Section 4 is not robust to serial dependence. A block bootstrap based
method is required in this case. We plan on investigating the validity of such a method in future work.
Our high-level conditions will be useful in establishing this result.

A second important extension of the results in this paper is to propose a bootstrap scheme that
is able to replicate the cross-sectional dependence of the idiosyncratic error term. As our results
show, this is crucial for capturing the bias when ¢ # 0. Our wild bootstrap based method does not
allow for cross-sectional dependence. Because there is no natural cross-sectional ordering, devising a
nonparametric bootstrap method that is robust to cross-sectional dependence of unknown form is a
challenging task.

Another important extension of the results in this paper is the construction of interval forecasts,

which we are currently investigating. Finally, the extension to factor-augmented vector autoregressions
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(FAVAR) first suggested by Boivin and Bernanke (2003) is also important. This case has recently been
analyzed by Yamamoto (2011), who proposes a bootstrap scheme that exploits the VAR structure in

the factors and the panel variables.
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A Appendix A: Proofs of results in Section 2

We rely on the following lemmas to prove Theorem 2.1.

Lemma A.1 Let Assumptions 1-5 hold. Then, * T t 4 (Ft HFt> g = Op (ﬁ), where
NT

5NT:min(\/N,\/T>.

Lemma A.2 Let Assumptions 1-5 hold. Then, if \/T/N — ¢, where 0 < ¢ < 00, for any fixred h > 0,

~ /
a) L3 ( HFt) (Ft - HFt) = cVIQLQ'V + op (1).
b) SIS HE (F - HFt>/ — cCQTQ'V 2 + op (1).
JT 2at=1
~ /
¢) XL Wi (Fo— HE) = cSwrHQUQV 2+ 0p (1),

d) Letting X7 =V 1QTQ'V~!, we have that

T—h

Z B (Ft HFt> (H™ a=c(Sp+VEV ) plim (&) + op (1),

=Ba

and

\/1? > wi (Fi - HFt)/ (H™Y a=c(SygVEV ) plim (&) + op (1),

=DBg

where Sy 5 = plim (W F ) = SwrH), with Syp = E (W,F).

Proof of Theorem 2.1. Write

1Th(H )8 1“( HFt>€
y— t—‘rh — t+h
T _1 T\ W T = g
VT (5-6) = (T ztzé;) EAl . =B
t=1 Z t( HFt) (HY) a
T t=1
\ =C

By Assumption 5 and given the definition of ®¢ = diag (plim H, 1),

H 0 1 T—h
A= — Y ziepn =4 N (0,00} .

By Lemma A.1, B —% 0 and by Lemma A.2d),

C:—\%i ( 52 ) (7 - HFt> (H—l)’az—c< g; > +op (1),
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where B, and Bg are as defined in (15) and (16). Given Assumptions 1-5,

1 T—h T—h
T Zétéf{ < Zztzt> (I)0+0P< ) :(1’0232@64-013 (1)
t=1

This implies that if VT/N — ¢, VT (8 . 5) 4 N (—cAg,55) , with g = @ 192108 1d; ! and

_ (AL -1 Sp+ VIRV L
As = ( Ay > = (PoX..Pp) < 5 AVE RV plim (&) .
When Yywr = E (Wi F]) =0, we have that ¥,z = 0, implying that

oytyptagt oo SA+VERVTLY L
< 0 pojs 0x vyt ) Pim(@)
- .11
_ < B VERY )plim @),

since H(’flE;ngl = I, given that we can show that HyXp = Q = (H(’))_1

As =

Proof of Lemma A.1. The proof is based on the following identity:

~ ~ 1 T ~ 1 T ~ 1 T ~ 1 T ~
Ft_HFt = V_l (TZFS'yst_FTZFS<3t+TZFSnst+TZFS£st)
s=1 s=1 s=1 s=1

V(A + Aoy + Asp + Age) (18)

where

A
nSt - 7Z>\IF €t — N and gst:FtT :nts'

Using the identity (18), we have that

T—h

1 _ )

= (Ft - HFt> eein =V LI+ IT+IIT+1V),
t=1

where
L Th T 1 L= T
OS] CIRRTILE o Sy
t=1 s=1 t=1 s=1
1 T—h T _ 1 T-h T ~
111 = =) ZanstgtJrhv and Ivzﬁ Z s StEtJrh

1 s=1

I
I
]
I
I
o+~
i

Since V=1 = Op (1) (see Lemma A.3 of Bai (2003), which shows that V' — V > 0), we can ignore

VL. Start with I. We can write
T—h T

i Z (Fs - HF) VeCin + H% SN Fvaeen =0+ k.

t=1 s=1 t=1 s=1
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We can show that I = Op (%) by showing that E|/Is|| = O (%). Ignoring H (which is Op (1)), we

have
T—-h T T—h T

/
2 S Bl el < g 30 3 il (2B (Blecenl?)

t=1 s=1 t=1 s=1

T
1 (1 1
< A= 7§ — il
— AT (T — ‘7815’) O <T>7

since E ||Fy||? < M and E |g44|> < M for some constant M < oo, and % ZtTS |7s¢] < M by assumption.

E|| L]

IA

For I, repeated application of the Cauchy-Schwartz inequality implies that

1 T | T=h | )\ 2 1 I | T=h 2\ 1/2
]| = T Z (Fs - HFs> (T Z ’75t€t+h> ‘ < (T ) T Z T Z VstEt+h
s=1 t=1 s=1 s=1 t=1
1/2 1/2
T T T-h T—h
1 1 ~ 1 o1 1
o] eS| o)
OP(SX,QT) by Lemma A.1 of Bai (2003) Op(1) Op(1)

Thus, I = Op (ﬁ) Next, consider II. We have that
T
T—

1 h T ~ 1 T—h T
= 5 2> (B = HE) Casoin+ Hg D" Filueron = Ih + 1.
t=1 s=1 t=1 s=1

We can show that

T
1 -
ruws<T§js—
s=1

1/2

1 =0 ? 1
— € — .
7 3 S ( Wm)

1/2 T
2 1
1) (%

Op(dy7) 0r(+)
Indeed,
L I | T=h 2 T “h (| N 2
FYEE S ] = 3RS (3 e Bl ) s
s=1 t=1 s=1 t=1 =1
T T—h N 2
11 1 1
= m Z E T Z ezsezt ezseit)) Et+h| = ) () .
TNT s=1 TN t=1 i=1 TN

=0(1) by Assumption 4(a)

For 115, ignoring H (which is Op (1)), we have that

T—h T T h 1 T 1 1 T—h
IIQ T2 Z ZF <5t5t+h — \/tf Z (\/7]\[ Z ZFS €;t€is — E (eltels))) 5t+h \/7T Z t5t+h-

t=1 s=1 t=1 s=1 1=1

=m¢



We can show that %ZtT:_lh muerrn, = Op (1), implying that I1s = Op (ﬁ) By Cauchy-Schwartz
inequality, we have that

| T=h L T=h 1/2 | T=h 1/2
T Z MiEph < <T Z Hmt’2> (T Z €%+h> =0p (1),
=1 =1 =1

given that E e p? < M < oo, provided 2 T S Ime)|? = 0p (1), or %ZtT:_lhE |me||* = O (1), by
Markov’s inequality. But
2

| T=h L T T N
T S Em? < T S E|—=>Y" F.(eueis — E(exeis))| =0(1)
t=1 t=1 s=1 i=1
by Assumption 3(b). Thus, I = Op (W) . Next, consider
| T=h T —h T | T=h T
HI:@ZZ sNstEt+h = ZZ( )Ust€t+h+H 3 ZZanst5t+h—III1+III2
t=1 s=1 t=1 s=1 t=1 s=1
Starting with I11;, we have that
. I 1/2 T |y T=h 2\ 1/2 1
[HI1L] < | = = D NstEt+h < >
r2 2|7 2 VTNor
1
Op(5y7) OP(W}TV)
since
| T=h 2 L I | T=h Ae L I | T=h 2
t
p X s = p X B|p X (R e = 1 LB |Figy 3 Nesn
s=1 t=1 s=1 t=1 s=1 t=1
T T—h
1 , 1 1 1
< = F —F||— AN Op|—].
= T;H sl N TN; €tEt+h P<TN)
=0p(1) =0(1) by Assumption 4(b)

Ignoring again H and replacing n ; with its definition, we have that

T-h T T—-h T /Aet 1T ) 1T7hA,6t
= 7 53 Farn = 72 YR (F ) coin = | g D FF || 7 Y 7 eeen | = Op (
s=1

t=1 s=1 t=1 s=1

Op(1) or()
given Assumption 4(b). Thus, I1] = Op (ﬁ) . For IV, write

T—h T

T—h T

1 - 1

IVZ@ E g <Fs—HFs>§5t5t+h+Hﬁ g g Folgerrn = IV1+ 1Va.
t=1 s=1 t=1 s=1
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For IV}, we have that

T 1/2 T—h 2\ 1/2
1 1 1 1
i < | = = o€ O
i< (33 ) (33 (5 Do) ()
Op (53k) OP(V;VT>
Indeed,

T [, Th 2
z ( > ) )
1
T Z Ft€t+h

‘H

M

o

S_) ()
+

>
\/ H*_‘
IN

T 2
= 757 - Fiern =0Op
TN (T Z || VN - TN
=0Op(1) by Assumption 3(d) =0p(1) by Assumption 5(c)

For IV, we have that

T-h T Ne,
Wy = o ZZF <F’ Etrh

t=1 s=1

A () (1) (E ) o () o )

t=1 s=1

given Assumptions 3(c) and 5(b). Thus, we have shown that under our assumptions,

1 1 1 1 1
I+IT+TIT+IV =0 — ]4+0 —— |+0 —— |+0 — | =0 —_— .
P<5NT\/T> P<\/NT> P<\/NT> P<5NTVNT) P<5NT\/T)

Proof of Lemma A.2. Proof of part a) Using the identity (18), we can write

T—h
1 . . '
VT ; (Ft _ HFt> (Ft _ HFt>
T—h

- .1 -
- ﬁvﬂf D (Au + Age + Agy + Age) (Ave + Agy + Agp + Age) V7
t=1

B

where Ay (i =1,...,4) are defined in (18). We analyze each term separately (ignoring V—1).

e We can show that % Z:lh A Al =0Op (#) + Op (%) . Thus,
NT

T—h
1 1 1
VIL S a4, =0 (>+o <>: ).
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Indeed, by Cauchy-Schwartz

= = 1 T=h

T Z ApAy|| < T Z | Ave||* = T Z
t=1 t=1 t=1

1 T—h T
< 1’22

2 1 T 2
fZ(Fs_HFs‘i‘HFs)’Yst
s=1

1 T
T Z FS’Yst
s=1

1T—h
:fz
t=1
1Tfh
D

t=1

2 2

1 T
HTZ;FSVSt
o

%Z (Fs - HFs) Vst

s=1

=ai1.1 + ai.e.

We have that

1Tfh 1 T ~ 1T7h1 ~ 1 T
a1 = 5 TZ(Es—HFs)’Yst ST TZ‘FS_HFS TZ’%HQ
t=1 s=1 t=1 s=1 s=1

T T T

11 ‘ 1 1

- (F 2l ) (G R ) - or (7).

T (T s= T t=1 s=1 T6NT

=0r(337) =0r()

where we have use Assumption 2 (see Lemma 1(i) of Bai and Ng (2002)) to bound 4 ST el
Next,

T—h 2

ail2 = %Z

2 | T=h
< |H|? T Z
t=1

t=1

1 T
HTZ;FSV‘%
sS=

1 T
T Z Fs’)/st
s=1

1{1& 1 & 1
2 2 2
< |l T<T§qusn )Q:}jw ~or (7).
s=1 t=1 s=1
=Op(1) ~ ~ _
=0p(1) =0p(1)

e We can show that % tT:_lh Ay Al = Op (ﬁ) + Op (ﬁ) , implying that
NT

T—h
1 1 vT 1
—= > Ay dy, =0 <)+o VI 2 ) —op(1),
VT & At = Or{ Uy P(zva%w) op (1

if\/T/N—>c<oo.

Indeed,
| T=h | T=h L T=h T 2
SN A AL < = ST 1Ayl = = - (F—HF HF)
T tzl 2t 2t — T tzl ” 2tH T tzl T Szl S S + S CSt

2 2
T
1

T

~ 1
T g (Fs - HFs) Cst H? E Fi(y|| = a1 + a.o.
s=1

1 T—h
< T?Ej
t=1

We have that

T—h 1 T ~
=3 (F - HF) Coy
s=1

a22.1 = % Z

t=1

SR 2 1 & 1
< T;’FS_HFS ﬁZZKsJ :OP<N6?VT>

=0Op (61:727“) :OP(%) by Assumption 2(c)
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Indeed,
2

1 T T ) 11 T T N 1
EZZEK“’ = Nﬁzz Z €isCit — ezseit)) =0 <N>
t=1 s=1 t=1 s=1 i=1

given Assumption 2(c). Next,

Zngt

2
ag2 < HHH

1 1Tfh
H|? —=
=11 77 X

1
=Or <TN)

T N
1
\/ﬁ Z Z F (eiseit ) (eiseit))
s=1 i=1

=0Op(1) by Assumption 3(b)

1 =h 1 1 1
=3 gl — )40 ).
Tt:l — P<N5%VT> P(TN) P<N5?\7T>

e We can show that under Assumptions 1-5, if VT /N — ¢,

implying that

T—h
1
Nii D Ag Ay = cQTQ +op (1).
t=1

Proof.
| T=h 1 T=h r . /
T Z Az Ay = Z ( Z anst> (T Z 577315)
t=1 s=1
[Ty T 1 _ ,
-1 <TZ (- HF, + HF,) %) (TZ (£ - HF, + HF,) nst>
t=1 s=1 s=1

/
a33.1 + as32 + azz o + a3 3.

It follows that
2

LTk & T—h T )
vt <2 S () < 2 S St -0 ().
t=1 s=1 t=1 s=1 NT
= 1
(*) )
since
T—h T T—h T T—h 2
1 1 A/et 1 A/et 1
T2 ZZMSt’ T2 ZZ SN ZHFH TZ N =0p v
t=1 s=1 t=1 s=1 t=1
\W_/
=0p(1) :Op(%) given Assumption 3(d)
Thus,

VTazz1 = Op (?51 ) =op (1),
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if \/T/N — ¢. Next we show that vVTasss = Op (%ﬁ) =op (1). Indeed,

1/2 2\ 1/2
T—h 1 T=h T, 1
e (e
since by Cauchy-Schwartz and Assumption 3(d),
T-h|[ T 2 1T L 2 L1 I T—h T
2
S OISR o K5 UM IS EES SITAEE 3 MO €3
s=1 t=1 s=1 s=1 t=1 s=1
:OP(]-) ZOP(%)
For ag3 3, we have that
(T I 1 Z ! 1 T=h 1 Z
aszs3 = 72 7ZHFS77315 7ZHFS7731€ Z ZFSnst 7277515}7; H'
T T T T T
t=1 s=1 s=1 = s=1
T—h T
1 1 Ne; 1 el
- H — N F,F -y L FF|H
5 (5 (154 ss>

T

_ ,(FF 1%‘:" Ne\ (A (F'EN o (L

- T )T=\N)\N)\'T PN )
given Assumption 3(e). When multiplied by /T, this will therefore be of order Op <§) and
therefore it will not go to zero in probability when ¢ # 0. Its probability limit can be computed
as follows. First, notice that

~ ~\/ ~ !
wpr (P-FH +F)F (F-FH)F jp
- - = Qv op()
T T T T

given that by Lemma B.2 of Bai (2003),

- /
(F - FH’) F ,
=0 (yp) =or (1),
and phm = @. Second, by Assumption 3(e),

FECR) ) oo
Thus, letting vVT'/N = ¢+ o (1),
oss = (T % () ()} ()
= (c+oW)[Q+op (VT +o0p (1)) [Q +op(1)]
= cQIQ +op(1).
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e We can show that 1{ hA4tA4t Op <ﬁ) + Op (ﬁj\w) +Op (LN) which implies that
NT
if VT/N — c,

1 T—h ) \/T \/T 1
ﬁ ;A4t144t =Op <%> + Op (N(SNT> + Op <\/T]\f> =op (1)

Proof.
1T—h 1T—h 1 T 1 T !
_— - -

1 T=h iy I 1 '
= = tzl (T Zl (- HF, + HE,) ést) (T g (£ - HF, + HF,) §St>

s=1
— !
= Q441 + Q442 + Qyq9 + G44.3.

‘We have that
2

1 T—h 1 T T—h T
Jaswrll < = 3| 230 (Fo- HE) €| < 75 2 Y l6al = 0r (15 )
t=1 s=1 t=1 s=1
e
since
T—h T T—h T T—r T
1 1 ANe 1 Ae 1
72 el = Y Y |F <* B z : — 0p (N)
t=1 s=1 t=1 s=1
\—/—’
=0p(1) =Op(%) given Assumption 3(d)

This implies that VT a1 = Op (ﬁ/N) Op <5%> = op (1). Next,
NT

_h . T 2 1/2 . T—h . ) 2 1/2 )
laas]| < 7> HF&, =2 7> (B -HE) ey =Op < N 5NT>

— s=1 t=1 s=1

=0r () :OP<5N;W)
since by Cauchy-Schwartz and Assumption 3(d),
1l & ’ 1l & ’ 1 & 1 T 1
SN EDSUEM IR DN PR IR LIS D LD D) BIMELes (%)
= = = s= sS= =1 s=

-~

=0p(1) —0p (1)

Thus,

VTams = Op (f) 0r (5] = or0),
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when \/T/N — c. For as4.3, we have that

1T7h 1 T 1 T ! 1T7h 1 T 1 T
s = 23 (Fmne) (3 mne) ~ap S (Fne) (56 o
t=1 s=1 s=1 t=1 s=1 s=1
T—h T
1 1 N e 1 een o\ L,
= Hz <TZFSFtN fz NP H
t=1 s=1 s=1
1 A\ 1l 1 o= Ale 1
= H|=) F,=-|= F,F] — *F! H =0p|—].
(TZSN>TZtt (TZN ) P\TN
N s=1 t=1 s=1
:Op(\/%iN =0p(1) 70})(\/7117]\]) by Assumption 3(c)

ThUS, \/Ta44.3 = Op (ﬁ) = op (1) .

e We can show that %Z?:]h Ay A, = Op
op (1) .

1
SnrVIN

(

) , which implies that V7' S AL AL, =

Proof. Given the bounds we found above for the terms that depend on Ay; and Ao, it is

immediate to see that

1 T—h
7D Audy
t=1

e We can show that + ST Ay AL, = Op (

Op (ﬁ) = op (1) . Indeed,
| T=h
T Z AltAét
t=1

1

e Similarly, 1 Zz:lh Ay Al =Op (\/ﬁ

| T=h 1/2 | T=h 1/2
< (T Z ||A1t\|2> <T Z |A2t||2) =Op <
t=1 t=1

1 T_h 1/2 1 T—h 1/2
< (T Z HA1tH2> <T Z ’A3t”2) =0Op (
t=1 t=1

1

VT

1
SNV N

1
SNTVITN

Jor(

), implying that g ZtT:_lh A Ay, = Op (

Jor(

)-or(
>:

)l

)

1

vIT'N

T

N

~

1

VN

1

1
VT VTN

VT

)

), which implies that v7'% Zg:lh A Ay =op(1).

| T=h | T=h 1/2 | T=h 1/2 . 1
—N"a,4.0 < | = Ayll? = Agll? =0 () 0] <)
T ; 1t434¢ = (T ; || 1tH ) (T ; || 475” ) P \/T P \/N
= or (%)
- P\VIN )’

where we can prove that 7 ST Ay P

=O0p (%) by an application of Cauchy-Schwartz.

Proof. Given the definition of A4, we have that

| T=h L Thly T 2
Y - LY AR,
=1 =1 s—1

2 2

1T—h 1 T _ lT—h 1 T
<7 2|7 (B HE) &l + 5 2 |1Hg 3 Pt

t=1 =1 t=1 s=1

1 or(%)

or ()

2
N(SNT
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By Cauchy-Schwartz,
1 & - ’ 1
P2 () sfz] zzgst 0r (7
- p

—or(izh)  =0n(})

since

1 T T ) 1 T T
WZZ&St:W;Z

t=1 s=1 =1

!
Nes

A/
Fj— es

Z |7

by Assumptions 1(a) and 3(d). For the second term,

_c»cwop<;),

1 T- L I 2 | T=h [ T=hy T L I
T Z H ZFsgst < HHH2 ZF Est < |H|? T Z T Z | Fl? T Z (M
= s=1 s= t=1 s=1 s=1
e Similarly, we can show that %ZtT:_lh Ay AY, = Op (m) , implying that g Zz;h Ay A, =
op(1).
1/2
1/2
| T=h | T=h | T=h ]
73 At < | 2301l || 5 Al =0 ()
t=1 t=1 t—1 NT
Op(L
or () o)
Zt AgtA4t Op (Na T) , implying that g ZtT:]h A9t Al = op (1).
1/2
1/2
| T=h | b | b 1
72 A < 3 Sl || E 1Al | =0 (55 )
=1 t—1 =1 NT
—_———
Op(L
o)) Lo

Et AgtA4t Op (m), implying that g ZtT:_lh A A, =op (1).

T T

()

1 = 1 T=h 1 b Th LT /
o ~ B .
T ; AstAy = T tz:l Aszy (T ;Fs£5t> =7 tz:l Aszy ( Z (Fs — HFS) £+ HT Zstst>

s= s=1

| T=h L I T—h T !
_ TZA&TZ(F HF)gstJrHTQZAst(ZFfst) :
t=1 s=1

s=1
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The first term can be bounded by

| T=h 1/2 LT )
(T z; ”A3t||2> T Z; T > (Fs - HFS) Est
t= t=

s=1
For the second term, note that

2\ 1/2

1 - 1< /- 1 &
A?)t_Tsleg/r]St_TZ(FS—HF5>nSt+HT821FS775t'

s=1 =

Thus, we get that

1 T—-h T 1 —h 1 R 1 /
7= ; A Z; Feéo = 7). (T > (F - HF) nst> (T ZFs£5t>

The first term is bounded by

| T=h
T2

t=1

T

=3 (R HE) .

s=1

o) () o

For the second term, we get that
T—h T T ! T—h T !
1 1 1 1 1 N ey 1 N e
X (53 e (1one) < X (33m (m50)) (5 me
t=1 s=1 s=1
VPR (Ne (1 Ne FE1 il '
= — —N FF—2) =
T ; T < N ) T Z_: TN T 2

T
1 e, 1< Ae 1 1 1
— - F/ - SF/ — 1 - - _ -
T Tt_1<N '*> To N OP()OP< TN>OP<¢TN> OP(TN)’

given Assumption 3(c).

Thus, it follows that the only term that contributes in a non-negligible way to

T—h
. 1 .
VTB = V_liﬁ g (Ayg + Agy + Asp + Agg) (Arg + Agy + Agp + Agy)' V1
=1

is the term that depends on % Zth_lh Asi A%, More precisely, since vV oPv (by Lemma A.3 of
Bai (2003)), we have that

VTB =cVIQrQ'v="+op(1),

which proves the result.
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Proof of part b). Consider now

T—h
C= H—ZFt<Ft HFt>.

Replacing Fy — HF, = V! (A1t + Aot + A3y + Age) yields

T—h

1 ~

C=H \/T E Fi ( A1t+A2t—|—A3t+A4t) =VTH (bj1 + by +bps +bpa) V !
t=1

where A;; are as defined previously. Again, we consider each term separately.

e We can show that %ZtT;lh F,A}, = Op (5 lﬁ)’ which implies that \/THbfﬂ?_l = op (1)
NT

under our assumptions.

Proof. Write

1 T—h 1 T—h 1 _ , 1 T
b = 7 Z Fdy =2 Y B (T 3 (F - HF> Vot 7 Z Fh“Hl)
=1 =1
t~ s/ 1 -
— —ZFt (Z(F—HF) m) +TZFt ( Z m)
s=1 t=1
= bf1.1 + bri.2.

By Cauchy-Schwartz,
1/2

1

::0P0J0p<5wrfr),

1 =h Y2
1br1all < <T > IFtH2> 7
t=1

where the Op < term is equal to a1, in part a). Next, consider by 5 :

)

Ak

T z_: ET:Ft svst> H' =O0p (;) :

t=1 s=1

L
T

Op(1) given Assumptions 1 and 2

Indeed,
T h T T T T T 1/2 1/2
S S R < ZZ\EWW S bl (B1EE) " (BIEE) T =0,
t=1 s=1 =1 s=1 t=1 s=1
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given the moment conditions on F; and the weak dependence assumptions on e;;. Thus,

1 1 !
bj1 =bpra+bp2=0p( ——= ) +0p( =) =0p(—% .
1 =brra+brio P<6NT\/T> P<T> P<5NT\/T)

as we wanted to prove.

e We can show that by = %Zz:lh F,AL, = Op (ﬁ) + Op (L) = Op (L> , which
implies that /7 times this object is op (1).

Proof.
1 T—h 1 T—h 1 /
_ r_ =~
bf2 = TZFt Qt—TZFt (TZFS€5t>
t=1 t=1 s=1
1 T—h 1 (N , 1 T—h 1 T
= =Y B (F - HF) Coo | + 7D Fim > FUCH =bpa1 + bpas.
T T T T
t= s=1 t=1 s=1
We can write
1/2
1/2
L L[ Db ) , 1 Loy Th 2 LI )
Ppoall = =30 (5> Bk | (B = HE) || < | 230 |7 X Fica = | B - HE,
T T T T T
s=1 t=1 s=1 t=1 s=1
Or(7y) 1
o or(2;)
1
d <5NT\/W>
given that
1 T ||y T=h 2 AN [ 2
T Z ‘T Z FtCst - T Z T Ftﬁ Z (ezsezt E (ezsezt))
s=1 t=1 s=1 t=1 i=1
11 1 &= 2 1
= TNT Sz:; Niaw ; Zz; F; (eiseir — E (eiseir))|| =Op <TN> )

Op(1) by Assumption 3(b)

For bfa 2, we have that (ignoring H),

| T=h 1z L Th 1/2 | T=h
P n(pr)| < (Xme) (13
t=1 s=1 t=1 t=1

using again Assumption 3(b) to bound the second term.

2\ 1/2

1 I
||bf2.2|| = TZFSCts
s=1

e We can show that bys = 733" FiAh, = Op (7%) , implying that vTbss = Op (—\)%) =
op (1).
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Proof.

1T—h 1 T 1 T /
_thl (TZ<FS—HFS) nst"‘HTZFSnst)

3
1
|
ngl
i
(]
iR

s=1 s=1
= , = 1 X !
= > Fyr > (F — HF) Mot + 7 > F (HT > an5t>
t=1 s=1 t=1 s=1
= by31+by30.

Rewrite
T

1 1 =n - /
b1 = T Z; (T ; Ftﬁst) (Fs - HFs) )

so that by Cauchy-Schwartz
1/2
) o)
T < ~ "\ VTN )

T _
1
[bzall < fz Z st
s=1 t=1

1/2

Note that

2 2 2

i: Aet

t=1

T T—h
1 1 et A
=72 |7 2 By b
s=1 t=1

1 1
2
TZHFsH =Op (TN>

s=1

Zi: Z_: tTst ;ZT;
; ah 1ZH R =

‘F ZFtet

Op(1) by Assumption 3(c)

Next consider (ignoring H),
([ T=h T A
brs2 =7 > B Y Flng = T > (T > Ftnst> F;
t=1 s=1 s=1 t=1
so that by Cauchy-Schwartz inequality and Assumption 3(c), we get that

1/2 L 1/2 .
= F,|? =0p|— ).
(5m) o

T

1
Ibgsall < D0
s=1

This concludes the proof that

| T=h 2
T Z Ftnst
=1

1
bps =bz1+br32 =Op <\/T7N> .

e We can show that \/be4 = \F Zt lh F A, = cXpTQV 1+ 0p(1).
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Proof. Replacing Ay with its definition yields
1§FtA’ = 1§F <1§T:F'§ )
T 4t Tt:1 t T8:1 sSst
. , | T=h 1
- —ZFt (Z(FS—HFS) 53t> + =Y F (TZ

bra

s=1 t=1 s=1

Starting with b4 2, and given that £, = F{%, we have that

fst) =bypgq +byao.

T
bjag = = Z Fi— ZFtAes F'H' = ( Z FtFt> <\/;7NZA’e5F;> H'
s=1

I (V%Tv) Op (1)Op (1) Op (1) = Op (V%Tv) ,

given Assumptions 1, 3(c) and the fact that H = Op (1). Thus, VTbss2 = op (1).

Next, consider by41. We have that

= 1 Ne,
o () () (15

Ne,
N

(FS _ HF>I> ,

where the first term is Op (1) and the second term can be shown to be Op (%) . Thus, we will

get a non negligible contribution from bss4; when multiplying by VT. Specifically, using the

usual decomposition for F,— H Fs, we have that

lTAles ~ / 1TA/€3 L
TZ_; 2 (B= HE) = 230 20 (A Ag, + Ay, + Ags) VL (19)

N

s=1

We first show that the first, second and last terms are op (1) when multiplied by v/T. To end

the proof we will study the third term. Starting with the first term in (19) (and ignoring V1),

Ae,
N

T
1 Neg ,
T Z N 1s

s=1

<(3x

s=1

so that this term is op (1) when multiplied by /7. Similarly,

s

s=1

T
1 Nes ,
TZ NAzs
s=1

ANe,
N

o 1/2 L 1/2 .
) (TZIIAzs!!2> o (o
s=1

VN

o\ 1/2 . T 1/2
) <TZ ||A15||2) = Op <
s=1

so that when we multiply by VT we get Op (*ﬁ) Op <5NT) =op(1).

M=
N~
||Mﬁ

( ~HE) &, +

liA’es, 1 Neg
T4 N s T < N

S

(Ft _ HFt)' £, +

1

el
M=
2| =
el
N

W
I
—
o+
I
—

T

5>
e

K)o ()

Jor (i) -

For the last term in (19), a more careful analysis is required. We have that

/

t&ts)

Z gts (20)



For the first term in (20),

1o Ne, 1 o~ /-
72w o (B HE) &
t=1

S 2 NCEOES
=00 (52) 0 () =0 (i

2
Neg

1 < Ae ’
T2
s=1

| T o\ 2 L T
s(T;Hm—HﬂH) Py

t=1

since
1 T
D

t=1

2 1T
sfz

s=1

T
1 Ne
T Z 7Ns Mst

s=1

2

A es
Z ol =
For the second term in (20), given Assumption 3(c),

ZA’es Z e 7ZA'68 ( ANet> 7
_ T1N<\/;17N;A’65F§>< Z tﬂ) _ <T1N>

Thus, (20) is Op (ﬁm) +Op (5) =Op (ﬁ) , which when multiplied by v/T is op (1).

1 & 1
2
T2 Z ngl” = Op <N2> :
t=1 s=1

Next, we analyze the dominant term in b1 which comes from the contribution involving Ag,.

For this term, we have that

T T T ! T T !
1 Nes , -4 1 ANes (1 - -, 1 Neg [ 1 ANes\ ~_4
e o LSt (15, ) e L (LS nte )
s=1 s=1 t=1 s=1 —
_ 1ZT:A'65 F'FNe,\ ilz (A’es> (e;A) F'Eooy
TN \T N NTZ\YN)\UN) T
1

= T +or(1) Qv
given that %F = @'+ op (1) by Proposition 1 of Bai (2003) and that by Assumption 3(e),

r3 () (35) rron

Thus,
1 f Inr—1 Inr—1
\/begl'l: TZFtF F+0P())QV , | =cXrlQ'V —l—Op(l).
Since
1 T—h ~
C = Hﬁ Z F; (Alt + Aoy + Asp + A4t) \FH (bfl + bfg + bfg + bf4) vt
t=1
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it follows that
C=cHyXpTQV W 40p (1) =cQTQ' V=2 +o0p (1),

because Hy = plim H is such that HoXr = Q. Indeed, note that Hy = plim H = V~IQX,,
which implies that

HySp = V! (Vl/2’I"EX1/2> AN = VY2 <T/Z/1X/2EFZ/1X/2> EX1/2

given the definition of @ and the fact that Y is such that E}\/QZFE}\/QT =TV.

Proof of part c). The proof follows closely the proof of part b) by relying on moment and

dependence conditions involving the extra regressors W;. In particular, writing

T—h T—h
1 ~ ! 1 ~
—=> Wi (R —HF) = —=) Wi(Ay+ Ay + Az + Ay)' V!
aR ) gy

= VT (di+dzy+ds+dy) V7

we verify /T'd; = op (1) for i = 1,2,3 by using the same arguments as for br1, bya and by3. The only

term that has a nonzero contribution is d4. Following the same arguments as for bs4, we have that

VTd, V! VT S . ")
TdV™' = VT TZIWtFt =Y (F—HF) 1%
t—

s=1
- \z/vT (; Tiwm;) (PQ'f/*l +op (1)) V!
t=1
= SwrlQV 2+ o0p(1) = SwrH)QTQ'V ™2 +0p (1), since H)Q = I,
= SwrH)V (VIQIQV )V +0p(1)
= Sy pVEEV ! +op (1), since Xy p = SwpH) and Sz = VIQTQ'V L

This ends the proof.
Proof of part d). This follows immediately from parts a), b) and c) of this Lemma.

B Appendix B: Proofs of results in Section 3

This Appendix is organized as follows. First, we provide some auxiliary lemmas, then we prove the

results in Section 3, and finally we prove the auxiliary lemmas.
Lemma B.1 Let H* = f/*_lg%. Under Conditions A*-D*, we have that if § y7 = min (\/N, \/T) )

a) H*H* =1, + Op~ (5]_\,2T), in probability, i.e. H* is asymptotically an orthogonal matriz.

b) H* = H{+Op- (5]_\,2T), in probability, where Hy is a diagonal matriz with =1 on the main diagonal.
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c) V* = H*VH* + Op+ (51_\727“) =V 4+ O p+ (51_\,2T), in probability.

Lemma B.2 Assume Assumptions 1-5 hold and suppose we gemerate bootstrap data {y;‘+h,X,§“} ac-
cording to the residual-based bootstrap DGP (7) and (8) by relying on bootstrap residuals {5:+h} and
{e;} such that Conditions A*-D* are satisfied. Then, as N,T — oo,

1 ~ 1
T Z (Ft* - H*Ft) Epn = Op» (W) ;

t=1

in probability, for h > 0.

Lemma B.3 Suppose conditions A*-D* hold. Then, as N,T — oo,

a)
T—h T—h /%
1 . N . N/ 1 Nef ey’ A ~
- F*_ *F F*_ *F _ *—1gprx | — t t */yrx—1
P2 (o) () = v |35 () ()] v
1 1 1
+O0p- (= ) + Op- +
(1) vor (v) +or (37)
b)
T—h T—h X =
1 * * I_ * 1 1 nlnll 1 Ale: ey’ A F'ET (7% —2
1
+0 +0
() o ()
c)
T—h T—h T =
1 ! 1 /(1 1 Ne* eA F'F*\ -
s F*_H*F - = F/ - S S *—2
rw (o) =5 (rxmwa) 12 () ()] ()7

Lemma B.4 Suppose conditions A*-D* hold. For any h >0, if VT/N — ¢, 0 < ¢ < oo, then

T—h
\/1T S Ay (Ft* _ H*Ft)/ HY Yo = e(my)! [IN/_II‘*V_I +F*f/_2] a+ope (1,
=1

=B}

T—h
\/1T Sowi(Fr - H*Ft)/ (H") e = e[Sy V2| atop (1),
t=1

— %
:BB

in probability, where iwﬁ = % ZtT:_lh Wtﬁt’.
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Proof of Lemma 3.1. The proof is based on the following identity

!

- H*Ft = ‘7*71 %Z *stt + = Z F*Cst Z nst + = Z F*gst ’
s=1

=A7, =A%, =A3, =A%,
where
1 & 1 &
721‘, = E” (N Z 6:&2) ’ :t = N Z (e;kse?t - E (erse;(t)) ’
=1 =1
N ~ N
. 1 N -~ Nef . 1 N .
Nst = N Z AiFseqy = s/ Nt and &, = N Z AiFieis = i
=1 =1
Ignoring V*~! (which is Op= (1)), it follows that

T T
1 ] * T 2 1 * (12 * (|12 * (|2 * (|2
=|E B < 2T (4G + 14507 + 145 + 1450°)

t=1 t=1

~ 2
S <ZST:1’ s )(Ef:ﬂi?),implymg that

F: 2) (}iév) ~0r (7).

By the Cauchy-Schwartz inequality,

Zs 1 5’7575
1
*ZHAtH ST (T ~

T

_ ﬁ**/ﬁ\*
- —=r because =
For the second term, we have that

1 & 1
* 12
T;g@m§<T_

s =0p(1) by Condition A*(b).

N

N1 &L, 1
) (X X1k ) =oe (5)-
t=1 s=1

=T

0p (%)
In particular, by Condition A*(c), we can show that

L LT L1 LT
* | % |2
) FIC = 5m ) ) E
t=1 s=1 t=1 s=1

N
1
72(@5 €it E*(zs 'Lt))
VNS
which explains why the second term is O p=« (N) For the third term,

s=1

T T 2 T 2
1 * N Ne* 1 Ne* B - 1
7 43P = Z ZFﬂNtsTZ;leaa:mp@y
t=1 t=1 s=1 t=1
2
. _ T R
since HT IS FIF!

/~\’ez‘ 2
N

< r#, whereas by Condition B*(d) and Markov’s inequality, 7 >, )
O p« (—) The fourth term in d; follows by the same arguments.
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Proof of Theorem 3.1. The proof follows the proof of Theorem 2.1. In particular, we can write the

bootstrap analogue of (17), viz

T—h

-1
VT (8* — 5*) = (; > z;z;’) (A*+ B*+C"),

where conditional on the original data, with probability converging to one, we have that

T—h
* * 1 5k * * *
AT =0 ﬁ tz:; ZtE¢yh - N (0» (I)OQ(I)O/) )
given Conditions D*(b) and E*, and given that ®f = plim ®*; B* = % Zfz_lh (F‘t* - H*F‘t> Erin =
op~ (1) (given Lemma B.2);
* 1 = sx [ ok * T ! x—1\/ » P* w1\~ L1 A%
C'=-= 3 (Fr - mB) () 6 =7 —c(ay) ' A,

t=1

where A} = <B;’ ,BE’)l is defined in Lemma B.4. Under Assumptions 1-5, plimV = V and
pliméa = (H(’))_1 a, plim EWF = X5 and plimI™ = QI'Q" by Condition F*, which implies that
Ar —P Ag; and finally L 527" 552 = 0500 3,,8)®F +op- (1). This implies that v/T (Es* - 5*) L
N (—c (@)L Ay, (BF) ' B (@3)*1), in probability.

Proof of Corollary 3.1. By Theorem 2.1, under Assumptions 1-5, and if \/T/N —c 0<c<
oo, VT (3 - 6) —4 Z ~ N (—cAs,%s). Thus, from a multivariate version of Polya’s Theorem (cf.
Battacharya and Rao (1986)), it follows that sup, |P (ﬁ (3 - 5) < :c) — & (z;—cAs,35)| = o(1),
where @ (z; —cAs, 35) denotes the distribution function of Z. Then, the result follows if we show that

Sl;p ‘P (\/T (@*'3* - 3) < x) — O (z; —cAs, 25)‘ =op(1). (21)

Under the stated assumptions, from Theorem 3.1 we have that /T (@*’3* — 3) 4N (—cAs, Xs), in
probability. By arguing along subsequences and applying Polya’s Theorem, this suffices to show (21).

Proof of Lemma B.1. For part a), writing

FY¥E 1 /- . A T
—— (- FH*’) F4 —H*F'F
T T ( tT ’

and noting that %}3” F = 1I,, yields

_F*lﬁv
T

H*

+Op+ (63%) (22)
where we used Lemma B.3 to bound the second term. Now right multiply by H* to get

P B (FHY — F* + Fr) o e
H'H" = ——H"+0p (0y7) = +0p- (0y7) = +Op- (37)

T T
— 1+ Op (557).
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where again we used Lemma B.3 and the fact that by construction F *:,Fﬁ ~ = I.. This shows that

HY = H*1 4+ Op- (5 NT) i.e. H* is asymptotically an orthogonal matrix. The eigenvalues of H* are
therefore +1 or -1, for large N and T'. For part b), by definition,

e e [FYF\NA o NA _
H*=V 1() = VU = + Op- (037)

T N

given (22). Left multiplying both sides by V* yields

- A'A
VIH" = H'— + Op- (057) = H*V + Op- (637) , (23)

since V = % by construction of the principal components. By Lemma A.3 of Bai (2003), V — V >0

and therefore we can write that

V*H* = H*V + op« (1),
or, transposing, that

VH" = H'V* 4 op (1).

Thus, H* is (for large N and T') the matrix of eigenvectors of V. Since V is a diagonal matrix,
H* is also diagonal, asymptotically. Moreover, because V has distinct eigenvalues (by assumption), it
follows that its eigenvectors have only one nonzero value and this is +1 or -1 (because H* is orthogonal).
Therefore H* is for large N and T a diagonal matrix with £1 in the main diagonal (in particular,

* = diag(sign(F*F))). Part c) follows from (23) by right multiplying by H* and using parts a)
and b).

Proof of Lemma B.2. The proof follows exactly as the proof of Lemma A.1, thus we only
highlight the differences. Throughout, we denote with a star the bootstrap analogue of a given
formula in that proof. First, to bound I3, the bootstrap analogue of Iz, we use directly Condition
C*(c) to conclude that I5 = Op-« (%), in probability. Second, to bound I7, we rely on Lemma 3.1 and
on Conditions A*(b) and D*(a). For II], we use Condition C*(a) instead of Assumption 4(a). For
I1;, we use Condition B*(b) instead of Assumption 3(b) to show that % Z;‘F 1h E*[|m:||> = Op (1),
and Condition D*(a) instead of Assumption 5(a) to show that 1 Et 1 €52, = Op- (1), in probability.
To bound I1If and 111}, we rely on Condition C*(b) instead of Assumption 4(b). Finally, to bound
IV*, we rely on Conditions B*(d) and D*(b) instead of Assumptions 3(d) and 5(b), respectively.

Proof of Lemma B.3. Proof of part a). We follow closely the proof of Lemma A.2. Specifically,
we analyze each of the terms in

T—h Tn
1 - - 5 L 1 )
T Z (Ft* — H*Ft) (Ft* _ H*Ft> = V*flf E (Al + A3, +A§t +Azt)( ’{t + A%, +A§t +AZt), aan$
t=1

In particular, by Lemma 3.1, and the appropriate bootstrap high level conditions, we can show that:

o & Tl A%, A% = Op- (7). in probability, using Condition A*(b).
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x S A5, A% = Op- (ﬁ), in probability, using Conditions A*(c) and B*(b).

— % A% « ( F'F — Aer e’ A aln % . .
% ZtT:1h A5 A% = %H (FTF> % ;zlh (\/ﬁt) (\t/ﬁ) (FTF> H* 4+ Op- <ﬁm)’ in probability,
using Condition B*(d).

1 T—h g% g% 1 T—h g% g% 1 T—h pgx gt 1 T—h g% g% ; 1
Each of 731" AL A%l 72 2—1 A5 A, 721 A3 Ag and 73, " A5 Aj is Op- <N§NT>’

in probability, using condition B*(d).

% Zfz_lh A} A5 = Op- (W), in probability.

% ZtT:_lh A3, A%, and %ZtT:_lh As, A%, are Op+ (ﬁ), in probability.

Thus, we conclude that

T—h ~ o~ T—h ~ ~ ~ o~
1 [% * T AL] * T ! _ (rx—1 1 * F,F 1 Alef GI,A F/F sy rx—1
T;(Ft—HFt>(Ft—HFt> =7 NH<T>T;<\/N N — | BV

1 1

1

Proof of part b). We analyze each of the terms in

T—h
1 _ - 3
H*T D (A5 As + A+ AR VT = HY (b5 A+ Uy + by + b)) VI,
t=1

where we let b;i = % ZtT:_lh FtAft’ ,for j =1,...,4. Following exactly the same steps as in the proof of

part b) of Lemma A.2, we can show that:

o by = Op+~ (ﬁ), in probability, given Condition B*(a) and Lemma 3.1.

biy = Op= (ﬁ), in probability, given Condition B*(b) and Lemma 3.1.

b3 = Op- <ﬁ>, in probability, given Condition B*(c) and Lemma 3.1.

* T—h p [ T (Ne: A R e 1)y
= % (FEEAR) [F 2 () (F)] (57) 7 00 (Gx) + 0 ()
probability, given in particular Condition B*(c) and Lemma 3.1. Thus, we can conclude that

T—h T—h T /% % e
1 . -\’ 1 (1 - -\ |1 Nex\ [eA FIE*\ -~
~N H'E(F-H'F) =H =Y EF||= d s V2
ry (i -mny = (23 ) 115 () (55)| ()

1 1
+0ps | ———= | +O0ps [ ——) .
d <5NT\/T> r <N5NT>

Proof of part ¢). This follows by the same arguments used in the proof of part ¢) of Lemma A.1.
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Proof of Lemma B.4. From prove part a) of Lemma B.3, and noting that g = I, we have

that

1 T—h ~ ~
7T (Ft* _ H*Ft> (Ft* _ H*Ft) (H*/)—l A
t=1
_ @f/*le* lT g Al@f BI,A HY7*1 (H*/)—l &
N T \VN)\VN

= WV TUHT HYV T (HY) T a+ ope (1)
= ¢ (H*/)_l V—IH*—IH*F*H*/ (H*/)_l V—IH*—l (H*/)—l d + 0p+ (1)
= c(HY) VTV a4 op- (1)
where the second equality uses Condition B*(e), and the third equality follows from Lemma B.1.c).

The last equality uses the fact that H3 = diag (1), which implies that H*~* (H*) ™' & = &+ op~ (1).
This proves part a). Similarly, from part b) of Lemma B.3 and given Condition B*(e), we get that

T—h
1 - 7 1
— SN HE (Ff - HE) (H') 4
VIRl )
VT 1l -\ [1 & (Aer) [erA
= g | =S EF) |= s 5
N T; B T; VN | \ VN

F'F*\ - _
= CH*F* ( T ) V*72 (H*/) ! 1o + Opx* (1)

= cH'TVIHY (H) VI HTY (HY) a ot ope (1) = cHITV 20+ op- (1),

where the second equality uses the fact that % Zz;h Ftﬁt’ = I,+op (1), the third equality uses Lemma
B.1.c) and the fact that %‘7*_1 — V-1H*, and the last equality holds because H* ! (H*) ™' =
I + op~ (1), in probability.

To prove part ¢), we note that from part c¢) of Lemma B.3, we have that

T—h
\/1? Z W, (Ft* — H*Ft>/ (H") " a

(35 (“) ( )

SO (F,F> Ve (B pe (1)

= Sy "V 2@ +ops (1),

FIF*\ - _
( T )V*‘2 (H*) Y& +ope (1)

by relying on the same arguments as those used to prove part b).
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C Appendix C: Proofs of results in Section 4
First, we state an auxiliary result and its proof. Then we prove Theorem 4.1.

Lemma C.1 Suppose Assumptions 1-5 hold. If in addition either: (1) {Fs}, {\i} and {es} are
mutually independent and for some p > 2, Eley|* < M < oo, E||N|[P < M < oo and E ||Fy||P <
M < oo, or (2) for some p > 2, Eley|* <M < 0o, E|M||* < M < oo and E||F;||*’ < M < oo, it
follows that

() 4 S0 || B - HE| = 0p (1);
(i) &> A
(i) 7y Xoimy 3oL € = Op (1).

H*l’)\in — Op(1):

Proof of Lemma C.1. Proof of (i). We rely on the following identity (see Bai and Ng (2002),
proof of Theorem 1):

Ft HFt (TZstst TZFSnst TZFé.St)’

where 9, = + Zfil €isCit; Nyt = % Zf\; N;Fsei; and € = .. It follows that by the ¢ — 7 inequality,

1 <& P p (1 1 & 1 <&
EDN TR IR Vel M E=D DUSS=) DURE-D DEA B
> LEE il EE e L N DIERS DILES DIL

where

p p

as =

T

- 1 -
g Fs¢st ;b= ﬁ g anst
s=1 =1

Let x,; denote either ¢, 0, or £,. We can write

2\ p/2

T
sXst S (
s=1

T
Z F. Sgst
s=1
where the inequality follows by Cauchy-Schwartz. It follows that

p/2
2)
p/2

1 T p/2 1 p/2
(T ; |Xst’2> <P Z (T Z Xt >

Tr ;andct:ﬁ

p

sXst

T p

Z sXst

=1

AN
Nl =
1M

IN
.
3
l\3
U
«f
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where the last inequality follows again by the ¢ — 7 inequality. Thus it suffices to show that F x|’ <
M < oo to prove that the above term is Op (1). Starting with x, = ¥4,

1 & T 1 L\ 1/2 L\ 12
Byt =E N Zeiteis < N ZE leireis|” < N Z (E |est| p) <E less] p) <M < oo,
=1 =1 =1
given that we assume E |ey | < M < oco. When y,; = 1, we have that
1 Y
ElnglP =E NZ)\’F eir| < —ZE N Fseq|” < M,
i=1 i=1

since
wr2/3 1/3 1/3 1/3
Bl < (Blnea¥) " (BIRIT) < (BIMY Blea™) " (BIRI™) " < M

given the assumptions that E | N[>’ < M, E||F||*’ < M, and E |ey|* < M in obtaining the last
inequality. Note that if we assume that {\;}, {Fs} and {e;} are three mutually independent groups
of random variables, then it suffices that F | \;||° < M, E||Fs||’ < M, and Elei|’ < M to bound
E ‘)\'-F eit|p The term that depends on . = £; can be dealt with similarly.

Proof of (ii). Note that A = M, which implies that A’ = FépX. Since X = FA’ + e, it follows
that

~ F'F Fle
A = AN+ —
T + T’
thus implying that \; = F'F i FlTei, where e; = (e;1,...,e;r). We can write
pru’ pE F(F-FH) P (F-FH)
= — S S N
T T T " T '

from which it follows that

- F'FH' Fle; - . /
= H =N+ = = HN =T (F = FH) B A+ (F = FH') e+ T (FH')' e
Thus,
X , RSNy B (B pa) a|f
N Z ’ Ai i <3 1 N 1( ¢ ! 1 N p
NS +E S| T (F-FH) eif + % SK |77 (FHY <

For the first term, we have that

P S ZIIA i

N
w2l b (p-rar) o < | oo (7 - p)
i=1

Now,
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given that F'F /T = I,.. Similarly, under Assumptions 1-5,

) T ) p/2
‘ - (T—l 3 HFt - HFtH ) = 0p (834) = 0p (1).
t=1

Since ||H'!|” = Op (1), it follows that the first term is Op (1) provided E || A;|[" < M < oo, which

HT—W (F — FH’)

holds by assumption.

For the second term,

N
- (F-Fr ’p 1 HTW@Z" P
o3[ (e P>

where the first factor is Op (1) and the second factor is dominated by

1« —1/22p 1 o —1/17/2 1T2]D/2 o
(it R D aRBEE Dol (D 3E) HEF S 3 3t

which is Op (1) given the assumption that E |e;|’ < M. The third term can be bounded similarly

— HT’1/2 (F-rH)

)

using in particular the fact that E ||Fy||?> < M < oc.

Proof of (iii). We can write
~ ~ s
Eit = ey — NH™ (Ft _ HFt) _ ()\Z- _ H‘l’)\i) £,

which implies that

T N

ﬁZZ‘ézﬂp < 3gr1 ZZ]ezt\P—i—gp 11 ZH)‘ HpHH 1Hp ZHFf HFtH
t=1 i=1

tlz 1
p1 ~ ||P
i fZHFtH'
t=1

The first term is Op (1) given that F |ei|” = O (1); the second term is Op (1) since E || N;[| = O (1)

1
31?—17
+ N2

and given part (i); and the third term is Op (1) given parts (ii) and (iii), since in particular

T T T
- |P 1 . P 1 1 ~ p
<—E HF, (F—HF)H < op-1 Hp—g F||P —E HF—HFH =0p(1
H _Tt:1 H t+ | L'y t < H I thl H tH +Tt:1 t t P()

Proof of Theorem 4.1. We verify Condition A*-F*. We start with Condition A*. Since €}, =

€itn;; where iid. (0,1) across (i,t), part a) follows immediately. For part 2b), note that %, =
+ SN | &it€is1 (t = s), which implies that Ztsﬁ% = %Zthl <% SN ?t) . This expression is
bounded by + ST + SN &4, which is Op (1) under our assumptions by an application of Lemma
C.1 (iii) with p = 4. For ¢), note that for any (¢, s),

2

*

E E Cov* Ztezs, ]tejs).

zl]l

* %
ztezs

\/* Z ztezs
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For the wild bootstrap where e}, = é;n;;, with n;, i.i.d. across (i,1)
~2 ~2 . . .
R ez Var (n;m; ifi=j
Cov ( ltels,e;te;‘s) = €i1€;5€j:€;5Cov (nimis,njmjs) — { tCis 0 ( ztifz;)?éj 7
which implies that
N 2
Z zte —E” e;kte;,ks)) N Zézztézsvar (nztnzs)
Thus, condition A*(c) becomes
T N 2 N
1 11 9
i (32d) sregryyd-onw,
1 =1 t=1 i=1 t=1

i Z Z % Ze te VCLT 777,157715

2
t=1 s=1 i= <n
for some constants 77 and C, which holds given Lemma C.1 (iii) with p = 4. For Condition B*(a)

under the wild bootstrap, in particular the bootstrap time series independence, we have that

1 e~ & = 1 - = T oo (1S
D ILLETES SRR O LTE0 9
t=1 s=1 t=1 t=1 =1
1/2 27 1/2 1/2 1/2
U lanl) [ (sxa) | o< (Ax)A) Ay
-\ r T N & “\T ' TN e

t=1 t=1 =1 t=1 t=1 =1

which is Op (1) under our assumptions. For Condition B*(b), we have that
2 Lo
Z (6;56?3 E" (e;(te;(s

>

s=1

1 <L 1
Z_:T

N

1

1 T
7222 (zte E*(zte

* L
te —-F ztezs N jtejl
J=1

1 N N
NZZ ztezs7 ]tejl)
i=1 j=1

N N
1 * * 1
§ (eiteis - F zte E jte]l ]te]l

; ]:1
Using the properties of the wild bootstrap, in particular the bootstrap cross sectional independence

we can show that
Cov* (ej€s, €,€5;) = 0 when i # j for any ¢, s, 1.
When i = j,
0 if s #£1
= &2t Var* (nyms) if s=1.

COU* ( ztezs7 Jtejl) = COU* (ezte;(sa ejtejl) = { Var* (ez*‘tte:“s)
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It follows that

L I | LN 2
Ly b LSS s et - B (et
Tt:1 TN s=1 i=1
1 -1 1 & 1 L1 & 1 <
SO 95 SERES SEEARRE RS ol 5 aEATES eReY
t=1 s=1 =1 i=1 t=1 s=1
LN/ L I LN/ T 27 1/2 N /1T
- (e prera) a2 (3xa) | R (Freea)
=1 t=1 s=1 =1 t=1 =1
IR BN R B RN
_ - ~ 14 -
SR1E5 90 9L RRES o AVEERS 39 9]
i=1 t=1 s=1 i=1 s=1

T ~ 2 2
1 Nef 1
E*||— L 5! ——E* el
LT > (a4
T N
= 7N (Z (Z NNE® (ez‘f)> )
t=1 =1
1 & N 1 & 1 -
:ﬁzééét (Z/\)\eft>:TZH5t||2NZ‘)\i &,
t=1 =1 t=1 i=1
1/2 o\ 1/2
1~ . 4 T~ (1 Nk 2
< (zxlal O S M] ¥ i
t=1 t=1 =1

=Op(1) under our assumptions

But by Cauchy-Schwartz,
T
1 1
(2

under our conditions. In particular, note that

T 1 N
) SO SRS WERNT
t=1 =1

N N
3<1 I S R i4>
N =1 N =1

and use Lemma C.1 (ii) with p = 4 to bound the second term. The first term is bounded by the

assumptions on {\;}. For Condition B*(d), we have that

N N
\;N;Xieft ZZA N E™ (€5€] ) = %Zﬂﬁﬂiéi,

1 1 i=1
=15= =0 for i#£j !

- 2
Nef

VN

E*
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since Cov (n;4,m;¢) = 0 and Var (n;;) = 1. Thus, Condition B*(d) becomes

A 1/2 1 N 1 T 2 1 N
1) (+2(:52) ) =(FZh

under our assumptions, by an application of Lemma C.1. For Condition B*(e), we need to show that

T

A = %Z (616 — E* (6107 Z ZZA N (el — B (ehel)) = op (1)

t=1 =1 j=1
This expression has mean zero under the bootstrap measure by construction. So, it suffices to show
that its variance tends to zero in probability. Take the case where the number of factors r is equal to

1, for simplicity. Then,

T T N
* * E* * 1 1 I Y YN * * % * %
Var* (A*) = Var* < Z 2))) = ﬁzz jie) Aidj A Cov® (efely, ef ek, -
t=1 t=1 s=1 4,7,k
Using the properties of the wild bootstrap, we can show that Cov* (e;‘te;ft, e}"se,’gs> =0ift # s, for any
(i,4,k,1), and
é;ltVar (Tht) ifi=j=k=1

* [k % * % _
Cov (eitejt, eltekt) = Ztejt, ifi=k#£j5=1
0, otherwise

This implies that for some finite constant 7,

T N N
* * 1 1 % ~ ~
Var* (A*) = T—ZF Z eLVar (nft) JrZ)\Z)\]eZZtejt
=1 i= i7]
T N 2 N T N
1 1 2 11 ~4 1 -
< iy (v iE) sy Tig Yy
t=1 i=1 i=1 t=1 i=1

provided + Zf\i 1 5\;1 = Op (1) and 5 Ef\i 1 Zthl ¢4 = Op (1), which holds under our moment as-
sumptions by an application of lemma C.1 with p = 4. Thus, I'* = % Zthl % Zf\; 1 5\? é2 for the wild
bootstrap. Condition F* is satisfied because by Bai and Ng (2006), I'* — QI'Q’.

Next, we verify Condition C*. For t = 1,...,T — h, let €}, = &y nVsspn, Where vyyp, ~iid.(0,1).

Part a) follows as Condition B*(b), using the independence between €}, and ej;. For part b), we have
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that
2

T—h / N
* 1 . ~
1 T—hT—h N N
= vt hnelen (ZM%@) >N
t=1 s=1 i=1 j=1
By the independence between {e},} and {e}}, we have that
T—hT—h NN | [Tk N ,
= oy | ST E Gt SN B ) | =7y (ZE"‘ (6i20) 2 At <ezz>>
t=1 s=1 —0if ts i=1 j=1 —0if i or ts t=1 1=1
1/2 L T=h [ N , \?2 1/2
= ZEMN A ( th) T (NZ A éi) =0p (1) x Op (1),
t=1 =

under our assumptions and using the same arguments used above to show condition B*(b). Part c)
follows because i, = 0 for ¢ # s and by repeated application of Cauchy-Schwartz inequality, we have
that

T

T—h T
% Z Z Fs€:+h72t = %Z ﬁ'teah'ﬁt Z Ft5t+h <N Z ezt>
t=1 s t=1

=1

1/4
T—h 1/2 T—h 271/2 T T—h T N

1 o2 1 1 1 L 11 )

< <T21 |Fieta] ) T2 (N Z) SN EON N NS DI
t= t= t= t= t=1 i=1
Op(1) Ope (1) —0p(1)

under our assumptions, provided in particular that A T tT 1h aﬁh = Op- (1) in probability. For this,
it suffices thatT ZT h g (€t+h) = Op (1). But by the properties of the wild bootstrap on €}, ,, we
have that

1 T—h —

4 4
T ; E” (eftn) = Z Een B (vign) Z Et+h
B o <C<oo by assumption

which is verified under our conditions. Finally. we verify Condition D*. E* (5;‘ +h) = 0 by construction.

1/2
T—h 22 T—h ;4 _
| t+h‘ T2t &t < ( =1 €t+h> = Op (1), under our

assumptions. So, part a) is verified. For part b) of Condition D*, we need to verify that the bootstrap
CLT result holds for the wild bootstrap. By the Cramer-Wold device, it suffices to show that

1 \~T—h
Moreover, we have that # >, " E*

T—h
1
\f Zel (@) 2 265, - N (0,1),

=wyf

in probability for any ¢ such that ¢’/ = 1. Note that w; is an heterogeneous array of independent

random variables (given that ¢}, is conditionally independent but heteroskedastic). Thus, we apply
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a CLT for heterogeneous independent arrays. Note that £* (wf) = 0 and

( 1 T—h
ar® | — Z wf)
VTS

T—h
= 7 Q) 1/2Va7‘ <\Fzzt6t+h) )*1/25

= 0/ (Q —1/2 ( Z zt2£€f+h> )_1/26 =1.

Thus, it suffices to verify Lyapunov’s condition, i.e. for some 7 > 1, 7= ZT h g lwi* —

that wf = ¢/ (%)~

1 T—h
* * |2
FZE |wy |~
t=1

1/2 4
ZE by

T—h
1 1

ley*

IN

<

-1

Trl

we have that

2r
@) 1 Zuzt\|2’”rat+h|2’“E o [
N—_———
<M<oo
~1/2

t=1
T—h 5 a1

P0. Noting

| T=h 1/2 | T=h 1/2 )
(T Z HﬁtH4r> (T Z |ét+h‘4r> =O0p <Tr_1) =op (1),
t=1

by an application of Lemma C.1. Since 2* = %Zt 1 ztztst ', under our assumptions 2* converges

to ®oQP; > 0, by Bai and Ng (2006). Thus, Condition E* is satisfied. Condition F* was verified in

the main text.
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DGP 1
alpha=0
homo, homo

DGP 2
alpha=1
homo, homo

bias
estimate
WB

OLS
BC

True factor

WB

bias
estimate
WB

OLS
BC
True factor

WB

Table 1: Bias and coverage rate of 95% Cls for delta - Homoskedastic cases

N =50 N =100 N =200
T=50 T=100 T=200 | T=50 T=100 T=200 | T=50 T=100 T=200
Bias
-0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Coverage rate
94.0 95.4 95.0 94.5 95.7 94.2 95.7 94.4 94.1
91.0 93.1 91.9 93.1 94.0 93.3 95.1 93.8 93.7
93.8 95.5 94.3 94.3 95.4 93.7 95.0 94.6 94.1
96.9 96.2 95.8 96.0 97.0 95.1 96.7 94.7 94.3
Bias
-0.17 -0.14 -0.13 -0.11 -0.09 -0.08 -0.09 -0.06 -0.05
-0.09 -0.09 -0.10 -0.05 -0.05 -0.05 -0.03 -0.03 -0.03
-0.12 -0.11 -0.10 -0.09 -0.07 -0.06 -0.07 -0.05 -0.04
Coverage rate
71.1 66.0 50.7 84.7 83.1 79.3 88.3 89.8 88.1
83.0 88.1 86.5 88.6 90.4 90.2 90.1 92.1 92.7
93.8 95.5 94.3 94.3 95.4 93.7 94.6 94.6 94.1
90.9 92.7 90.7 93.8 93.7 92.0 93.8 94.5 94.3




DGP 3
alpha=1

hetero, homo

DGP 4
alpha=1
hetero, hetero

DGP 5
alpha=1
hetero, AR+hetero

DGP 6
alpha=1

hetero, CS+homo

bias
estimate
WB

bias
estimate
WB

bias
estimate
WB

bias
estimate
WB

Table 2. Bias in estimation of alpha - More general cases

N =50 N =100 N =200
T=50 T=100 T=200 T=50 T=100 T=200 T=50 T=100 T=200
-0.16 -0.14 -0.13 -0.11 -0.09 -0.07 -0.09 -0.06 -0.05
-0.09 -0.09 -0.10 -0.05 -0.05 -0.05 -0.03 -0.03 -0.03
-0.12 -0.11 -0.10 -0.09 -0.07 -0.06 -0.07 -0.05 -0.04
-0.17 -0.15 -0.14 -0.12 -0.10 -0.08 -0.10 -0.06 -0.05
-0.10 -0.10 -0.10 -0.05 -0.06 -0.06 -0.03 -0.03 -0.03
-0.13 -0.12 -0.11 -0.10 -0.08 -0.07 -0.08 -0.06 -0.04
-0.19 -0.16 -0.15 -0.13 -0.10 -0.08 -0.10 -0.07 -0.05
-0.09 -0.10 -0.10 -0.05 -0.06 -0.06 -0.03 -0.03 -0.03
-0.13 -0.11 -0.11 -0.09 -0.08 -0.07 -0.08 -0.06 -0.04
-0.23 -0.21 -0.20 -0.15 -0.13 -0.11 -0.11 -0.08 -0.07
-0.11 -0.12 -0.12 -0.07 -0.07 -0.08 -0.04 -0.04 -0.04
-0.10 -0.09 -0.09 -0.08 -0.07 -0.06 -0.07 -0.05 -0.04



DGP 3
alpha=1

hetero, homo

DGP 4
alpha=1
hetero, hetero

DGP S
alpha=1

hetero, AR + hetero

DGP 6
alpha=1
hetero, CS + homo

OLS
BC

True factor

WB

OLS
BC

True factor

WwB

OLS
BC

True factor

WB

OoLS

BC

True factor

WB

Table 3: Coverage rate of 95% Cls for delta - More general cases

N =50 N =100 N =200
T=50 T=100 T=200 T=50 T=100 T=200 T=50 T=100 T=200
63.5 57.3 45.6 76.5 78.4 76.2 80.6 85.0 86.0
81.5 84.3 84.0 83.1 87.6 88.0 83.5 89.6 89.6
93.3 93.6 93.5 90.2 93.1 92.9 88.9 94.3 92.8
93.1 92.3 911 93.5 93.4 92.1 92.6 94.0 92.5
58.8 51.8 38.7 73.0 75.3 73.1 78.7 84.5 84.6
78.5 81.1 82.1 82.5 87.1 86.6 83.2 89.3 89.3
93.3 93.6 93.5 90.2 93.1 92.9 88.9 94.3 92.8
93.7 92.8 91.8 92.9 93.8 92.3 92.6 93.6 93.1
54.7 49.0 36.7 72.4 72.9 72.6 76.9 83.7 83.4
74.6 79.7 81.1 80.8 86.3 87.8 81.1 88.5 88.1
93.3 93.6 93.5 90.2 93.1 92.9 88.9 94.3 92.8
91.2 90.8 911 91.8 92.8 92.4 91.3 93.1 92.3
42.2 30.6 13.7 65.8 65.2 54.7 76.1 79.5 78.3
68.3 67.2 61.4 77.5 81.7 81.1 80.0 87.9 87.4
933 93.6 93.5 90.2 93.1 92.9 88.9 94.3 92.8
81.5 75.1 59.4 87.5 84.5 80.3 88.6 90.2 87.3




